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X ∼ N(µ, σ2)
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Sampling X

Random Sample X n
X1, X2, · · · , Xn

Sample size n
Observations x1, x2, · · · , xn
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Simple Random Sampling

Xi X identically distributed

X1, X2, · · · , Xn independent

19



independently identically distributed samples
i.i.d.
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X F(x), X1, X2, · · · , Xn n
,

F (x1, . . . , xn) =
n∏

i=1
F (xi) .

f (x1, x2, · · · , xn) =
n∏

i=1
f (xi) .
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Simple Random
Sampling with replacement

, ,
Sampling without

replacement
,
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R

library(readxl)
students <- read_excel("data/L1/2024- - .xlsx", skip = 1)
students

## # A tibble: 46 x 3
##
## <chr> <chr> <chr>
## 1 23080103 23080103
## 2 22377337 22377337
## 3 22377336 22377336
## 4 22377335 22377335
## 5 22377328 22377328
## 6 22377326 22377326
## 7 22377324 22377324
## 8 22377323 22377323
## 9 22377314 22377314
## 10 22377296 22377296
## # i 36 more rows
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R

3 sample()

sample(students$ , 3, replace = TRUE)

## [1] " " " " " "
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X1, X2, · · · , Xn ,
T = T(X1, X2, · · · , Xn) T
statistic
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∑n
i=1 Xi

∑n
i=1 X2i

x1, x2, · · · , xn X1, X2, · · · , Xn
T(x1, x2, · · · , xn) T(X1, X2, · · · , Xn)

29



X ∼ N(µ, σ2)

g(X1, X2, · · · , Xn) =
1
n

n∑
i=1

(Xi − µ)2

30



X̄ =
X1 + · · · + Xn

n
=

1
n

n∑
i=1

Xi

S2 =
1

n − 1

n∑
i=1

(Xi − X̄)2 =
1

n − 1

 n∑
i=1

X2i − nX̄2


S =
√
S2 =

√√√√ 1
n − 1

n∑
i=1

(Xi − X̄)2

k k
Ak =

1
n

n∑
i=1

Xki , Bk =
1
n

n∑
i=1

(Xi − X̄)k 31



β̂S =
B3

B3/2
2

.

4 7 8 9 12 B3 = 0
β̂S 0

1 4 7 8 9
32



β̂K =
B4

B2
2

− 3.

β̂K

β̂K > 0
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0 ∑n
i=1 (xi − x̄) = 0

x̄ = argminc
∑
(xi − c)2

34



X̄

1 N(µ, σ2) X̄ N(µ, σ2/n)
2 E(X) = µ,Var(X) = σ2

n X̄ ∼ AN
(
µ, σ2/n

)
asymptotically

normal
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R
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X E(X) = µ, Var(X) = σ2

X̄ S2 :
E(X̄) = µ, Var(X̄) = σ2/n, E(S2) = σ2.

1/n

37



X1, X2, · · · , Xn X X(i) i
i

X(1) = min{X1, X2, · · · , Xn}
X(n) = max{X1, X2, · · · , Xn}

X1, X2, · · · , Xn
(X(1), X(2), · · · , X(n)) ,

38



X p(x), F(x), X1, X2, · · · , Xn ,
k X(k)

pk(x) =
n!

(k − 1)!(n − k)!
(F(x))k−1(1 − F(x))n−kp(x).
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X(k) F(k)(x) F(k)(x)
k x

F(k)(x) = P(X(k) ≤ x) =
n∑
i=k

CinF(x)
i(1 − F(x))n−i

i x n − i
x Cin

F(x)i(1 − F(x))n−i F(k)(x) k

40



pk(x) =
n∑

i=k

iCinF(x)
i−1(1 − F(x))n−ip(x) −

n∑
i=k

(n − i)CinF(x)
i(1 − F(x))n−i−1p(x)

=

n∑
i=k

n!
(i − 1)!(n − i)!

F(x)i−1(1 − F(x))n−ip(x) −
n∑

i=k

n!
i!(n − i − 1)!

F(x)i(1 − F(x))n−i−1p(x)

=

n∑
i=k

n!
(i − 1)!(n − i)!

F(x)i−1(1 − F(x))n−ip(x) −
n∑

i=k+1

n!
(i − 1)!(n − i)!

F(x)i−1(1 − F(x))n−ip(x)

=
n!

(k − 1)!(n − k)!
(F(x))k−1(1 − F(x))n−kp(x).
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1

2 U[0, 1] X(k)
Beta(k, n − k+ 1)

3
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F (x)

Fn(x) =
1
n

n∑
i=1

I (Xi ≤ x) .

, Fn(x)

Fn(x) =


0, x < x(1)
k
n , x(k) ≤ x < x(k+1), k = 1, 2, · · · , n − 1
1, x ≥ x(n)

(Glivebko) x n → ∞ Fn(x)
F(x),

P
(
lim
n→∞ sup

x
|Fn(x) − F(x)| = 0

)
= 1. 43



R

plot(ecdf(runif(100)))
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1 χ2 ( )
2 F
3 t
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χ2 ( )

χ2

X1, X2, ..., Xn N(0, 1),
χ2 = X21 + ... + X2n n χ2 , χ2 ∼ χ2(n).
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χ2

χ2

p(y) =
1

Γ
(
n
2

)
2n/2y

n/2−1e− y
2 (y > 0).

Γ(α) =
∫+∞
0 xα−1e−xdx.

χ2(n) Ga(n/2, 1/2)
χ2 ∼ χ2(n), E

(
χ2
)
= n,Var

(
χ2
)
= 2n
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χ2

E(X) =
1

2 n
2Γ(n2)

∫ ∞

0
y

n
2e− y

2dy.

z = y
2

E(X) =
2

2 n
2Γ(n2)

∫ ∞

0
(2z)

n
2e−zdz.

E(X) =
2 n

2+1

2 n
2Γ(n2)

∫ ∞

0
z
n
2e−zdz.

Γ(n2 + 1) = n
2Γ(

n
2)

E(X) = n.

n
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χ2
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x
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x)

df = 1
df = 2
df = 3
df = 4
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df = 9
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χ2

χ2 χ2
1 ∼ χ2(n1) χ2

2 ∼ χ2(n2)

χ2
1 + χ2

2 ∼ χ2(n1 + n2).
χ2 ∼ χ2(n) , α(0 < α < 1),

P
(
χ2 ≤ χ2

1−α(n)
)
= 1 − α χ2

1−α(n) n
1 − α

R qchisq(p, df)
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χ2

qchisq(0.95, 3)

## [1] 7.814728
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X1, X2, · · · , Xn N
(
µ, σ2

)
µ

T =
n∑

i=1
(Xi − µ)2

1 T/σ2 ∼ χ2(n).
2 T

p(t) =
1

(2σ2)n/2 Γ(n/2)
e− t

2σ2 t
n
2−1, t > 0.

3 T ∼ Ga(n2 , 1
2σ2 ).
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χ2

X1, X2, · · · , Xn N
(
µ, σ2

)

X̄ =
1
n

n∑
i=1

Xi, S2 =
1

n − 1

n∑
i=1

(Xi − X̄)2

1 X̄ ∼ N
(
µ, σ2

n

)
2 X̄ S2 ,

(n − 1)S2

σ2 =

∑n
i=1 (Xi − X̄)2

σ2 ∼ χ2(n − 1)
54



W =
n∑

i=1

(Xi − µ

σ

)2
=

n∑
i=1

(
(Xi − X̄) + (X̄ − µ)

σ

)2

=
n∑

i=1

(Xi − X̄)2

σ2 +
n(X̄ − µ)2

σ2

=
(n − 1)S2

σ2 +
n(X̄ − µ)2

σ2 .

(n − 1)S2

σ2 ∼ χ2(n − 1).
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t

t
X1 X2 , X1 ∼ N(0, 1), X2 ∼ χ2(n),

t =
X1√
X2/n

n t , t ∼ t(n)
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t

t

p(y) =
Γ
(
n+1
2

)
√
nπΓ

(
n
2

)
1+ y2

n

− n+1
2

t ∼ t(n),
1 E (t) = 0, n > 1
2 Var (t) =

n
n − 2

, n > 2

t
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t

−4 −2 0 2 4

0.
0

0.
1

0.
2

0.
3

0.
4

x

f(
x)

df = 1
df = 5
df = 10
df = 30
Normal
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t

1 t ∼ t(n) , P(t ≤ t1−α(n)) = 1 − α t1−α(n)
n t 1 − α

2 t1−α(n) 4
3 n = 10, α = 0.05, 4

t1−0.05(10) = t0.95(10) = 1.812
4 t 0 ,

tα(n) = −t1−α(n).
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t

qt(0.95, 10)

## [1] 1.812461

60



t

X1, X2, · · · , Xn N
(
µ, σ2

)

X̄ =
1
n

n∑
i=1

Xi, S2 =
1

n − 1

n∑
i=1

(Xi − X̄)2

t =
√
n(X̄ − µ)

S
∼ t(n − 1)
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F

F
X1 ∼ χ2(m), X2 ∼ χ2(n), X1 X2 , F = (X1/m)/(X2/n)

m n F , F ∼ F(m, n),
1 m
2 n
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F

F

p(y) =
Γ
(
m+n
2

) (
m
n

)m/2

Γ
(
m
2

)
Γ
(
n
2

) y
m
2 −1

(
1+

m
n
y
)−m+n

2
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F
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0.
0

0.
5

1.
0

1.
5

2.
0

x
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df1 = 1, df2 = 1
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df1 = 100, df2 = 100
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F

F ∼ F(m, n) , α(0 < α < 1),
P(F ≤ F1−α(m, n)) = 1 − α F1−α(m, n) m n F

1 − α ( 5)
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F

1 F ∼ F(m, n), 1/F ∼ F(n,m)

2 Fα(n,m) = 1
F1−α(m,n)
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F

qf(0.95, 5, 5)

## [1] 5.050329
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F

X1, X2, · · · , Xm N
(
µ1, σ2

1
)

, Y1, Y2, · · · , Yn
N
(
µ2, σ2

2
)

, ,

X̄ = 1
m
∑m

i=1 Xi, S2x =
1

m−1
∑m

i=1 (Xi − X̄)2

Ȳ = 1
n
∑n

i=1 Yi, S2y =
1

n−1
∑n

i=1 (Yi − Ȳ)2

F =
S2x/σ2

1

S2y/σ2
2

∼ F(m − 1, n − 1)
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X1 X2

1 X1 ∼ N
(
µ, σ2

)
, X2 ∼ N

(
µ, σ2

)
→ X1 + X2 → N

(
2µ, 2σ2

)
2 X ∼ N(0, 1) → X2 ∼ χ2(1)
3 X1 ∼ χ2 (n1) , X2 ∼ χ2 (n2) → X1 + X2 ∼ χ2 (n1 + n2)
4 X1 ∼ N(0, 1), X2 ∼ χ2(n) → X1√

X2/n
∼ t(n)

5 X1 ∼ χ2 (n1) , X2 ∼ χ2 (n2) → X1/n1
X2/n2

∼ F (n1, n2)
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X1, X2, X3, X4, X5 X ∼ N
(
0, σ2

)
,

Y1 = a
X1 − X2√

X23 + X24 + X25
, Y2 = b

(X1 − X2 + X3)2

X24 + X25
a, b Y1 t Y2 F
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χ2 t F

R R χ2 t
F
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1 5.1 1-3 5
2 5.3 1 4-5 9-10 15-18 23 25

28 34
3 5.4 8-11 19 21-22
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