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θ b(1, p), N
(
µ, σ2

)
θ N

(
µ, σ2

)
a P(X ≤ a) = Φ

(a−µ
σ

)
µ, σ
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θ θ

Θ

1

2

R
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Point estimator

X1, X2, · · · , Xn X n ,
θ θ̂ = θ̂(X1, X2, · · · , Xn) θ θ

estimator
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X1, X2, · · · , Xn θ θ̂

µ̂ = X̄
x1, x2, · · · , xn , θ̂ = θ̂(x1, x2, · · · , xn)
θ estimate

Estimator estimate
estimator
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θ̂

1 Unbiasedness
2 Efficiency
3 Consistency
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θ̂ = θ̂(X1, X2, · · · , Xn) θ , θ Θ,
θ ∈ Θ

E(θ̂) = θ,

θ̂ θ unbiased estimator
biased estimator

11



bias = E(θ̂) − θ.
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1 X k µk(k ≥ 1) , k
Ak =

1
n
∑n

i=1 Xk
i µk X1, X2, · · · , Xn X

2 σ2

S2 = 1
n−1

∑n
i=1 (Xi − X̄)2 , S2n =

1
n
∑n

i=1 (Xi − X̄)2

3 X θ f(x; θ) = 1
θe

− x
θ I(x > 0)

X1, X2, · · · , Xn X X̄
nX(1) = n · min (X1, X2, · · · , Xn) θ

13



S2n =
1
n
∑n

i=1 (Xi − X̄)2 σ2

E
(
S2n
)
= n−1

n σ2

1 E
(
S2n
)
= n−1

n σ2 → σ2 S2n σ2

asymptotically unbiased estimator
2 S2n

S2 =
nS2n
n − 1

=
1

n − 1

n∑
i=1

(Xi − X̄)2

S2

14



1 k
, k k k

2 θ̂ θ , g(θ̂)
g(θ) g(θ) θ 6.1.2
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?

θ̂1, θ̂2 θ θ ∈ Θ

Var
(
θ̂1
)

≤ Var
(
θ̂2
)

,

θ ∈ Θ θ̂1 θ̂2

16



θ̂ θ θ̃, θ ∈ Θ

Var(θ̂) ≤ Var(θ̃),

θ̂ θ Uniformly Minimum Variance
Unbiased Estimator UMVUE

17



X1, X2, · · · , Xn µ,
σ2 µ̂1 = X1, µ̂2 = X̄ µ

Var (µ̂1) = σ2, Var (µ̂2) = σ2/n.

n > 1, µ̂2 µ̂1

18



X1, · · · , Xn U(0, θ)

X(n) θ θ

E(X(n)) =
n

n+ 1
θ 6.2.5 X(n) θ

, θ θ

θ̂1 =
n+1
n X(n)

Var
(
θ̂1
)
=

(n+ 1
n

)2
Var

(
X(n)

)

=

(n+ 1
n

)2 n
(n+ 1)2(n+ 2)

θ2 =
θ2

n(n+ 2)
.

19



θ/2
θ θ̂2 = 2X̄ θ

Var
(
θ̂2
)
= 4Var(X̄) =

4
n
Var(X) =

4
n

· θ2

12
=

θ2

3n
.

n > 1 θ̂1 θ̂2

20



n
n

θ ∈ Θ θ̂n = θ̂n (X1, · · · , Xn) θ , n
, ϵ > 0,

lim
n→∞ P

(∣∣∣∣θ̂n − θ
∣∣∣∣ < ε

)
= 1,

θ̂n θ ( ) consistent estimator

21



1 θ̂n = θ̂n (x1, · · · , xn) θ ,
lim
n→∞ E

(
θ̂n
)
= θ, lim

n→∞Var
(
θ̂n
)
= 0,

θ̂n θ

2 θ̂n1, · · · , θ̂nk θ1, . . . , θk η = g (θ1, . . . , θk)

θ1, . . . , θk η̂n = g
(
θ̂n1, · · · , θ̂nk

)
η

22



X1, X2, · · · , Xn N(µ, σ2)

X̄ µ

S2n σ2

S2 σ2

S σ
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1 X1, X2, · · · , Xn U(0, θ) X(n) θ

24



2

p1 = θ2, p2 = 2θ(1 − θ), p3 = (1 − θ)2

n n1, n2, n3
θ θ

θ =
√
p1, θ = 1 −

√
p3, θ = p1 + p2/2

θ

θ̂1 =
√
n1/n, θ̂2 = 1 −

√
n3/n, θ̂3 =

n1
n

+
n2
2n

n1/n, n2/n, n3/n p1, p2, p3 θ̂1
θ̂2 θ̂3 θ 25



1

2

3

4

26
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Method of Moments, MOM

19 20
Karl Pearson

20
R.A. Fisher

20
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▶ X̄ µ
▶ B2 = A2 − A2

1 = S2n
σ2 = EX2 − (EX)2 = µ2 − µ2

▶

30



20 km

29.8 27.6 28.3 27.9 30.1 28.7 29.9 28.0
27.9 28.7 28.4 27.2 29.5 28.5 28.0 30.0
29.1 29.8 29.6 26.9,

x̄ = 28.695, s2 = 0.9185, m0.5 = 28.6

28.695, 0.9185 28.6

31



P(x; θ1, ..., θk) X1, X2, · · · , Xn

k µk θ1, · · · , θk µ1, · · · , µk

θj = θj(µ1, · · · , µk) θj

θ̂j = θj (a1, · · · , ak) , j = 1, · · · , k,

aj =
1
n

n∑
i=1

Xj
i.

k

32



,
p(x;λ) = λe−λx, x > 0,

X1, · · · , Xn λ k = 1
E(X) = 1/λ λ = 1/E(X) λ

λ̂ = 1/X̄.

33



, Var(X) = 1/λ2 λ = 1/
√
Var(X)

λ

λ̂1 = 1/S,

S
,

34



X1, X2, · · · , Xn (a, b) U(a, b) a b
k = 2

E(X) =
a+ b
2

, Var(X) =
(b − a)2

12
,

a = E(X) −
√
3Var(X), b = E(X) +

√
3Var(X).

a, b
â = X̄ −

√
3S, b̂ = X̄+

√
3S

35



P(x, θ) ,

X µ σ2 X1, · · · , Xn X
µ σ2

µ1 = E(X) = µ,

µ2 = E
(
X2
)
= Var(X) + E2(X) = σ2 + µ2.

µ̂1 = A1 =
1
n

n∑
i=1

Xi = X̄,

µ̂2 = A2 =
1
n

n∑
i=1

X2i .
36



P(x, θ) ,

 µ̂ = X̄,

σ̂2 = µ̂2 − µ̂2
1 =

1
n
∑n

i=1 (Xi − X̄)2 = S2n.

37



X k E
(
Xk
)
= µk

Ak
p→ µk

g (A1,A2, · · · ,Ak)
p→ g (µ1, µ2, · · · , µk) , g(·)

θ = g (µ1, µ2, · · · , µk) θ̂ = g (A1,A2, · · · ,Ak)

38



1

2

39



6.2 2 3 4 5

40



Outline

1

2

3

4

41



1821 1922
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99 1
99 1

.

0.99 0.01
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n
A1, · · · ,An Ai Ai n

Ai

44



Maximum Likelihood Estimator MLE
x1, x2, · · · , xn, θ̂ (x1, · · · , xn)

θ θ = θ̂ (x1, · · · , xn) ,

n
n n

45



X
X = 0 X = 1 X

b(1, p) p
n x1, · · · , xn

P (X1 = x1, · · · , Xn = xn; p) =
n∏

i=1
pxi(1 − p)1−xi

= p
∑n

i=1 xi(1 − p)n−Σn
i=1xi.

p , p

46



x1, ..., xn p L(p)
likelihood function

L(p) = p
∑n

i=1 xi(1 − p)n−Σn
i=1xi.

p
0

∂ ln L(p)
∂p

=

∑n
i=1 xi
p

− n − ∑n
i=1 xi

1 − p
= 0

p

p̂ = p̂ (x1, · · · , xn) =
n∑

i=1
xi/n = x̄

47



θ θ L(θ)
0

48



p(x; θ), θ ∈ Θ θ

x1, x2, · · · , xn θ

L(θ; x1, x2, ..., xn) L(θ)
L(θ) = L (θ; x1, · · · , xn) = p (x1; θ) · · · p (xn; θ)

L(θ)
θ̂ = θ̂ (x1, · · · , xn)

L(θ̂) = max
θ∈Θ

L(θ)

θ̂ θ MLE Maximum Likelihood
Estimate

49



p1 = θ2, p2 = 2θ(1 − θ), p3 = (1 − θ)2

n n1, n2, n3
(n1 + n2 + n3 = n)

1

L(θ) =
(
θ2
)n1

[2θ(1 − θ)]n2
[
(1 − θ)2

]n3
= 2n2θ2n1+n2(1 − θ)2n3+n2.

2

ln L(θ) = (2n1 + n2) ln θ+

(2n3 + n2) ln(1 − θ) + n2 ln 2.
50



3 θ 0
2n1 + n2

θ
− 2n3 + n2

1 − θ
= 0

θ̂ =
2n1 + n2

2 (n1 + n2 + n3)
=

2n1 + n2
2n

.

4

∂2 ln L(θ)
∂θ2

= −2n1 + n2
θ2

− 2n3 + n2
(1 − θ)2

< 0.

θ̂
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N(µ, σ2) θ = (µ, σ2) x1, x2, · · · , xn

L
(
µ, σ2) = n∏

i=1

1√
2πσ

exp

−(xi − µ)2

2σ2


=
(
2πσ2)−n/2

exp

− 1
2σ2

n∑
i=1

(xi − µ)2
 .

ln L
(
µ, σ2) = − 1

2σ2

n∑
i=1

(xi − µ)2 − n
2
ln σ2 − n

2
ln(2π).

52



ln L
(
µ, σ2

)
0

∂ ln L
(
µ, σ2

)
∂µ

=
1
σ2

n∑
i=1

(xi − µ) = 0.

∂ ln L
(
µ, σ2

)
∂σ2 =

1
2σ4

n∑
i=1

(xi − µ)2 − n
2σ2 = 0.

53



1

L (θ; x1, x2, · · · , xn) =
n∏

i=1
p (xi; θ1, · · · , θm) .

2

l(θ) = ln L (θ; x1, x2, · · · , xn) =
n∑

i=1
ln p (xi; θ1, · · · , θm) .

3 l(θ) θj 0 θ̂1, · · · , θ̂m
∂l(θ)
∂θj

= 0, j = 1, 2, · · · ,m.

4 θ̂1, · · · , θ̂m θ1, · · · , θm
54



MLE

.
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https://yanfeikang.shinyapps.io/mle-for-expdist/


x1, x2, · · · , xn U(0, θ) , θ

L(θ) =
1
θn

n∏
i=1

I{0≤xi≤θ} =
1
θn I{x(n)≤θ}

x(n)

56



L(θ) 1
1/θn

1/θn θ θ

1 θ x(n) θ θ̂ = x(n)

57



θ̂ θ

g(θ) g(θ̂)

58



X1, X2, · · · , Xn N(µ, σ2) µ, σ2

µ̂ =
1
n

n∑
i=1

Xi = X̄,

σ̂2 =
1
n

n∑
i=1

(Xi − X̄)2 = S2n.

:
▶ σ MLE σ̂ = Sn.
▶ P(X < 3) = Φ

(
3−µ

σ

)
MLE Φ

(
3−X̄
Sn

)
.

▶ 0.90 x0.90 = µ + σu0.90 MLE X̄+ Sn · u0.90, u0.90

0.90
59



X p(X; θ)

1 x, ∂ ln p
∂θ , ∂2 ln p

∂θ2 , ∂3 ln p
∂θ3 θ

2 θ,∣∣∣∣∣∂p∂θ

∣∣∣∣∣ < F1(x),
∣∣∣∣∣∣∂

2p
∂θ2

∣∣∣∣∣∣ < F2(x),
∣∣∣∣∣∣∂

3 ln p
∂θ3

∣∣∣∣∣∣ < F3(x),

F1(x), F2(x), F3(x)∫ ∞

−∞
F1(x)dx < ∞,

∫ ∞

−∞
F2(x)dx < ∞, sup

θ∈θ

∫ ∞

−∞
F3(x)p(x; θ)dx < ∞;

3 θ 0 < I(θ) ≡ ∫∞
−∞

(
∂ ln p

∂θ

)2 p(x; θ)dx < ∞.
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θ

θ̂n ∼ AN
θ,

1
nI(θ)



I(θ) ≡ E
[

∂

∂θ
ln p(X; θ)

]2
=
∫ ∞

−∞

(
∂ ln p

∂θ

)2
p(x; θ)dx

Fisher Information .
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Fisher

∂
∂θ log p(X; θ).

E
[

∂

∂θ
ln p(X; θ)

]
=
∫
R

∂
∂θp(x; θ)
p(x; θ)

p(x; θ)dx

=
∂

∂θ

∫
R
p(x; θ)dx

=
∂

∂θ
1

= 0.
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Fisher

I(θ) = E
( ∂

∂θ
log p(X; θ)

)2 = ∫
R

(
∂

∂θ
log p(x; θ)

)2
p(x; θ)dx

I(θ) , θ

MLE
I(θ) I(θ) = −E∂2 ln p(X;θ)

∂θ2 .
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MLE

x1, ..., xn N(µ, σ2) σ2

µ

σ2 µ MLE µ̂ = x̄ µ̂

I(µ)

ln p(x) = − ln
√
2π − 1

2
ln σ2 − (x − µ)2

2σ2

∂ ln p
∂µ = x−µ

σ2

I(µ) = E
(x−µ

σ2

)2
= 1

σ2

µ̂ ∼ AN
(
µ, σ2/n

)
. 64



MLE

µ σ2 MLE σ̂2 = 1
n
∑n

i=1 (xi − µ)2 I(σ2)

∂ ln p
∂σ2 = − 1

2σ2 +
1

2σ4 (x − µ)2 =
(x − µ)2 − σ2

2σ4

I
(
σ2) = E

[
(x − µ)2 − σ2

]2
4σ8

=
Var

(
(x − µ)2

)
4σ8 =

1
2σ4

σ̂2 ∼ AN
(
σ2, 2σ4/n

)
.
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1

p(x;λ) = λe−λx, x > 0, λ > 0,

2 P(λ)

p(x;λ) =
λx

x!
e−λ, x = 0, 1, · · · ,

3 I(θ) = −E∂2 ln p(x;θ)
∂θ2 = E

(
∂ ln p(x;θ)

∂θ

)2
.
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,
,

Fisher
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6.3 1 2 4 7 8
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