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θ X1, · · · , Xn
θ̂L = θ̂L (X1, · · · , Xn) θ̂U = θ̂U (X1, · · · , Xn) θ

[
θ̂L, θ̂U

]

1 θ

2 θ̂L, θ̂U

6



θ̂L, θ̂U θ

θ

P(θ̂L ≤ θ ≤ θ̂U)

[
θ̂L, θ̂U

]
θ

7



θ Θ X1, X2, · · · , Xn
α (0 < α < 1)

θ̂L = θ̂L (X1, · · · , Xn) θ̂U = θ̂U (X1, · · · , Xn) θ ∈ Θ,
Pθ

(
θ̂L ≤ θ ≤ θ̂U

)
≥ 1 − α,[

θ̂L, θ̂U
]

θ confidence level 1 − α

confidence interval
[
θ̂L, θ̂U

]
θ 1 − α

θ̂L θ̂U θ

8



1 θ
[
θ̂L, θ̂U

]
CI

2 θ
[
θ̂L, θ̂U

]

3 100(1 − α)%

θ

9



x1, x2, · · · , x10 N(µ, σ2) µ 1 − α

[
x̄ − t1−α/2(9)s/

√
10, x̄+ t1−α/2(9)s/

√
10.

]
t1−α/2(9) 9 t 1 − α/2

1 α = 0.1 t0.95(9) = 1.8331
[x̄ − 0.5797s, x̄+ 0.5797s]

2 α = 0.5

10



µ = 15,σ2 = 4 N(15, 4)
10

1 α = 0.1 µ 100
100 100

2 α = 0.5

11



1 α = 0.1

0 20 40 60 80 100
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90
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C
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## [1] "100 93 "
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2 α = 0.5

0 20 40 60 80 100

14
15

16
17

50
%

C
I

## [1] "100 46 "
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α(0 < α < 1) θ ∈ Θ

Pθ

(
θ̂L ⩽ θ ⩽ θ̂U

)
= 1 − α,[

θ̂L, θ̂U
]

θ 1 − α

14



α(0 < α < 1) θ ∈ Θ

Pθ

(
θ̂L ≤ θ

)
≥ 1 − α,

θ̂L θ 1 − α

θ ∈ Θ , θ̂L θ 1 − α

15



α (0 < α < 1) θ ∈ Θ

Pθ

(
θ̂U ≥ θ

)
≥ 1 − α,

θ̂U θ 1 − α

θ ∈ Θ , θ̂U θ 1 − α
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σ2 µ

X ∼ N(µ, σ2) σ2

n X1, · · · , Xn

G =
X̄ − µ

σ/
√
n

∼ N(0, 1).

G µ µ

18



c

P

∣∣∣∣∣∣ x̄ − µ

σ/
√
n

∣∣∣∣∣∣ ≤ c
 = 2Φ(c) − 1,

Pµ(x̄ − cσ/
√
n ⩽ µ ⩽ x̄+ cσ/

√
n)

=2Φ(c) − 1 = 1 − α,

c = u1−α/2

1 − α µ

µ 1 − α [
x̄ − u1−α/2σ/

√
n, x̄+ u1−α/2σ/

√
n.

]
19



θ

1 θ G = G(X1, · · · , Xn, θ)

G G
2 c, d α (0 < α < 1)

P(c ≤ G ≤ d) = 1 − α.

3 c ≤ G ≤ d θ̂L ≤ θ ≤ θ̂U[
θ̂L, θ̂U

]
θ 1 − α

20



1 c d
E
(
θ̂U − θ̂L

)
c d G

2 E
(
θ̂U − θ̂L

)
c d

c d α/2
P(G < c) = P(G > d) = α/2

G
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N(µ, σ2)

1 µ X̄ N(µ, σ2/n)
2 σ2 S2

1 µ σ

2 σ2

23



σ µ

G =
X̄ − µ

σ/
√
n

∼ N(0, 1).

c d
P(c ≤ G ≤ d) = Φ(d) − Φ(c) = 1 − α.

Pµ(X̄ − dσ/
√
n ≤ µ ≤ X̄ − cσ/

√
n) = 1 − α.

24



(d − c)σ/
√
n d = −c = u1−α/2 d − c

[
X̄ − u1−α/2σ/

√
n, X̄+ u1−α/2σ/

√
n.

]
X̄ , u1−α/2σ/

√
n

X̄ ± u1−α/2σ/
√
n.

25



9 15.4
0.1 0.95

1 − α = 0.95 α = 0.05 u0.975 = 1.96
0.95

x̄ ± u1−α/2σ/
√
n = 15.4 ± 1.96 × 0.1/

√
9.

0.95 [15.3347, 15.4653]

26



N(µ, 1) µ 0.95
1.2

µ 0.95 [
x̄ − u1−α/2/

√
n, x̄+ u1−α/2/

√
n,

]
2u1−α/2/

√
n n

2u1−α/2/
√
n ⩽ 1.2 n ⩾ (2/1.2)2u2

1−α/2
1 − α = 0.95 u1−α/2 = 1.96

n ⩾ (5/3)2 × 1.962 = 10.67 ≈ 11
27



σ µ

t

t =
√
n(X̄ − µ)

S
∼ t(n − 1),

t µ 1 − α[
X̄ − t1−α/2(n − 1)S/

√
n, X̄+ t1−α/2(n − 1)S/

√
n
]
.

28



12

4.68 4.85 4.32 4.85 4.61 5.02

5.20 4.60 4.58 4.72 4.38 4.70

t
x̄ = 4.7092, s2 = 0.0615
α = 0.05 t0.975(11) = 2.2010 0.95

4.7092 ± 2.2010 ·
√

0.0615/
√

12 = [4.5516, 4.8668].
29



P
√

n(x̄ − µ)

s
< t1−α(n − 1)

 = 1 − α.

µ 1 − α

x̄ − t1−α(n − 1)s/
√
n.

t0.95(11) = 1.7959 µ 0.95
4.5806

30



1 R µ

2

31



µ , σ2

,
(n − 1)S2

σ2 ∼ χ2(n − 1).

σ2

G = (n−1)S2
σ2 ∼ χ2(n − 1) χ2 ,

χ2

χ2
α/2(n − 1) χ2

1−α/2(n − 1) χ2

α/2

P
χ2

α/2 ≤ (n − 1)S2

σ2 ≤ χ2
1−α/2

 = 1 − α.

32



σ2 1 − α[
(n − 1)S2/χ2

1−α/2(n − 1), (n − 1)S2/χ2
α/2(n − 1)

]
.

33



+ R

N(µ, σ2)

9
45.3 45.4 45.1 45.3 45.5 45.7 45.4 45.3 45.6

σ 0.95

34



1

2

▶ X̄ ∼ AN(µ, σ2

n )
√
n X̄−µ

σ
∼ AN(0, 1).

▶ S σ

3 µ 1 − α[
X̄ − u1− α

2

S√
n

, X̄+ u1− α
2

S√
n

]
.

35



X1, · · · , Xn b(1, p) p 1 − α

, X̄ ∼ AN
(
p, p(1−p)

n

)
u =

X̄ − p√
p(1 − p)/n

∼ AN(0, 1)

u α,

P
∣∣∣∣∣∣ X̄ − p√

p(1 − p)/n

∣∣∣∣∣∣ ≤ u1−α/2

 ≈ 1 − α.

36



,[
1

1 + λ
n

(
X̄+

λ

2n
−

√
X̄(1 − X̄)λ

n
+

λ2

4n2

)
,

1
1 + λ

n

(
X̄+

λ

2n
+

√
X̄(1 − X̄)λ

n
+

λ2

4n2

)]
,

λ = u2
1−α/2 λ/n n

X̄ − u1−α/2

√√√√ X̄(1 − X̄)
n

, X̄+ u1−α/2

√√√√ X̄(1 − X̄)
n

 .

37



100 26
34 95%

n = 100, x̄ = 26, s2 = 34
95% [

X̄ − u1−α/2
S√
n

, X̄+ u1−α/2
S√
n

]
.

26 ± 1.14

38



39



p p 1 − α

d0

p p 1 − α

X̄ − u1−α/2

√√√√ X̄(1 − X̄)
n

, X̄+ u1−α/2

√√√√ X̄(1 − X̄)
n

 .

1 − α 2u1−α/2
√
X̄(1 − X̄)/n

X̄ ∈ (0, 1),
X̄(1 − X̄) ≤ 0.52 = 0.25

40



p 1− α u1−α/2/
√
n

p d0 u1−α/2/
√
n ≤ d0

n ≥
(u1−α/2

d0

)2
.

d0 = 0.04, α = 0.05

n ≥
(u0.975

0.04

)2
=

(1.96
0.04

)2
= 2401.

p 0.95 0.04
2401
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X1, · · · , Xm N(µ1, σ2
1) Y1, · · · , Yn N(µ2, σ2

2)

X̄ Ȳ
S2x =

1
m−1

∑m
i=1 (Xi − X̄)2 S2y =

1
n−1

∑n
i=1 (Yi − Ȳ)2

1 µ1 − µ2

2 σ2
1/σ2

2

44



µ1 − µ2

σ2
1 σ2

2

5.4.1

X̄ − Ȳ ∼ N
µ1 − µ2,

σ2
1

m
+

σ2
2

n

 .

u =
X̄ − Ȳ − (µ1 − µ2)√

σ2
1
m + σ2

2
n

∼ N(0, 1).

, µ1 − µ2 1 − α

X̄ − Ȳ ± u1−α/2

√√√√σ2
1

m
+

σ2
2

n
.

45



µ1 − µ2

σ2
1 = σ2

2 = σ2

5.4.1 ,
X̄ − Ȳ ∼ N

(
µ1 − µ2,

( 1
m

+
1
n

)
σ2
)

,

(m − 1)S2x + (n − 1)S2y
σ2 ∼ χ2(m+ n − 2).

X̄, Ȳ, S2x , S2y , t(m+ n− 2)
t =

√
mn(m+ n − 2)

m+ n
X̄ − Ȳ − (µ1 − µ2)√
(m − 1)S2x + (n − 1)S2y

∼ t(m+ n − 2).

46



, µ1 − µ2 1 − α

X̄ − Ȳ ∓
√√√√m+ n

mn
Swt1−α/2(m+ n − 2),

S2w =
(m−1)S2x+(n−1)S2y

m+n−2 .

47



m n

m n σ2
1, σ2

2
X̄ − Ȳ − (µ1 − µ2)√

S2x
m +

S2y
n

∼ AN(0, 1).

µ1 − µ2 1 − αX̄ − Ȳ − u1−α/2

√√√√S2x
m

+
S2y
n

, X̄ − Ȳ+ u1−α/2

√√√√S2x
m

+
S2y
n

 .

48



σ2
1/σ2

2

(m − 1)S2x/σ2
1 ∼ χ2(m − 1), (n − 1)S2y/σ2

2 ∼ χ2(n − 1),

S2x S2y , F

F =
S2x/σ2

1

S2y/σ2
2

∼ F(m − 1, n − 1).

1 − α,

P

(
Fα/2(m − 1, n − 1) ≤

S2x
S2y

·
σ2
2

σ2
1

≤ F1−α/2(m − 1, n − 1)

)
= 1 − α.

σ2
1/σ2

2 1 − α[
S2x
S2y

·
1

F1−α/2(m − 1, n − 1)
,

S2x
S2y

·
1

Fα/2(m − 1, n − 1)

]
.
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R

5 6 (
)

5.06, 5.08, 5.03, 5.00, 5.07
4.98, 5.03, 4.97, 4.99, 5.02, 4.95

σ2 /σ2 0.95
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▶ 6.6 1-3 5-6 8 11-12

▶ 6.6 9-10
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1 0-1
b(m, p) P(λ) U(a, b) N(µ, σ2)

2
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5 ,
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