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Fisher Fisher
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10 TM MT
TM MT 10

Fisher H , 10 2−10 < 0.001.
, ,

, H , H,
TM MT

: A ( 0.001),
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Hypothesis testing

?
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H0

1 H0
2 H0
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1

10000
2% 100 5
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1

H0 : p ≤ 0.02 p
Xi ∼ B(1, p), i = 1, 2, · · · , 100.
Y = X1 + X2 + · · · + X100 100
Y ∼ B(100, p).
H0

P(Y = 5; p) = C5100p
5(1− p)95 ≤ 0.035.

14



2

500g
N(µ, 4), 5 ,

( : g):
501, 507, 498, 502, 504

500g
µ = 500 g H0 : µ = 500 ?
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2

1

H0 : µ = µ0 = 500, H1 : µ ̸= µ0.

2 X̄ µ H0 |x̄ − µ0|
|x̄−µ0|
σ/

√
n

16



2

H0
u =

X̄ − µ0
σ/

√
n

∼ N(0, 1).

P(|u| ≥ u1−α/2) = α α |u| ≥ u1−α/2

H0
|u| = |x̄−µ0|

σ/
√
n ≥ u1−α/2 x̄

H0

17



2

x1, · · · , xn :
|x̄ − µ0|
σ/

√
n

≥ u1− α
2


x1, · · · , xn :

|x̄ − µ0|
σ/

√
n

≤ u1− α
2
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2

2 n = 5, σ = 2, x̄ = 502.4, µ0 = 500.

Q1: α = 0.05 uα/2 =?

Q2: |u| =?

Q3:

19



1

2 ,
3

4

20



, / null
hypothesis , H0 .

H0 alternative
hypothesis , H1 , .

θ ,Θ ,Θ0 ⊂ Θ,Θ1 ⊂ Θ Θ0 ∩ Θ1 = ∅,

H0 : θ ∈ Θ0 vs H1 : θ ∈ Θ1

21



,

1 “ ”

2 ,

22



,
T(X1, · · · , Xn).

W
W̄.

1 x1, · · · , xn ∈ W H0
2 H0

23



1 T =
n∑

i=1
Xi W = {x1, · · · , xn : T (x1, · · · , xn) ≥ c}.

2 T = X̄−µ0
σ/

√
n W = {x1, · · · , xn : |T (x1, · · · , xn) | ≥ c}.

24



α

c;

25



(Type I error)

H0 H0
α(θ) = Pθ{X ∈ W}, θ ∈ Θ0 Pθ{X ∈ W|H0}

(Type II error)

H1 H0
β(θ) = Pθ{X ∈ W̄}, θ ∈ Θ1 Pθ{X ∈ W̄|H1}

26



(power function)

?
.

α β

, .

27



H0 : θ ∈ Θ0 vs H1 : θ ∈ Θ1

W, ,

g(θ) = Pθ(X ∈ W), θ ∈ Θ = Θ0 ∪ Θ1

28



(power function)

g(θ) Θ .
θ , ,

g(θ) =
 α(θ), θ ∈ Θ0

1− β(θ), θ ∈ Θ1

29



3

X Poisson P(λ), X1, X2, · · · , Xn,
H0 : λ ≥ 1 vs H1 : λ < 1

T =
n∑

i=1
Xi ⇒ W =

X1, · · · , Xn :
n∑

i=1
Xi ≤ C


n = 10 , C = 5 C = 7 λ 0
2 .

30



,

α(λ) = P(|) = P
 n∑
i=1

Xi ≤ C | λ ∈ H0

 ,

β(λ) = 1− P(|) = 1− P
 n∑
i=1

Xi ≤ C | λ ∈ H1

 .

31



32



H0 : θ ∈ Θ0 vs H1 : θ ∈ Θ1

θ ∈ Θ0,
g(θ) ≤ α,

(level of significance) α ,
α

33



34



α

c;

α α

1 1 p ≤ 0.02 g(p) = P(Y ≥ c|Y ∼ B(100, p)) ≤ α
▶ g(p) p g(0.02) ≤ α
▶ α = 0.05 c = 5

W = {x1, · · · , xn : T (x1, · · · , xn) ≥ 5}

35



Lets go to R

g <- function(c){
# calculate g(0.02)
p = rep(NA, c + 1)
for (i in 0:c){

p[i+1] = choose(100, i)*0.02^i*0.98^(100-i)
}
return(1 - sum(p))

}
print(c(g(3), g(4), g(5), g(6), g(7)))

## [1] 0.141038437 0.050830445 0.015483641 0.004062054 0.000931940
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2 2 H0 : µ = µ0 = 500
g(500) = 2 ∗ (1− Φ(c)) = α, c = u1−α/2.

▶ α = 0.05 c = 1.96
W = {x1, · · · , xn : |T| ≥ 1.96}

37



α

α = 0.05

1 W = {x1, · · · , xn : T (x1, · · · , xn) ≥ 5}
T(x1, · · · , xn) = 5 (x1, · · · , xn) ∈ W → H0.
2 W = {x1, · · · , xn : T (x1, · · · , xn) ≥ 1.96}
T(x1, · · · , xn) = 2.68 (x1, · · · , xn) ∈ W → H0.

38



1

2 ,
3

4

39



p

1 W = {x1, · · · , xn : T (x1, · · · , xn) ≥ c}
α

α , α = 0.05, : W = T ≥ 5.
α = 0.05
α , α = 0.01, : W = T ≥ 7.
α = 0.01

40



p

p “ ”

,

p

41



p

p :

1 , ;
2 p α

▶ α ⩾ p, α H0;
▶ α < p, α H0.
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1

2

p
3
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7.1 1-5

44



Outline

1

2

3

4
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X1, · · · , Xn N(µ, σ2) , µ

I: H0 : µ ⩽ µ0 vs H1 : µ > µ0

II: H0 : µ ⩾ µ0 vs H1 : µ < µ0

III: H0 : µ = µ0 vs H1 : µ ̸= µ0

46



σ µ

X1, · · · , Xn N(µ, σ2) , µ

H0 : µ ⩽ µ0 vs H1 : µ > µ0

µ x̄, x̄ ∼ N(µ, σ2/n),

u =
x̄ − µ0
σ/

√
n

47



u , u Z
, x̄ µ0 µ0

x̄ µ0
µ0 c

48



H0 : µ ⩽ µ0 vs H1 : µ > µ0

c,
W = {(x1, · · · , xn) : u ⩾ c}

{u ⩾ c}.

49



α {µ ⩽ µ0} c
P(u ⩾ c) ⩽ α

c = u1−α.

50



g(µ) = P(u ≥ u1−α)

= P(
x̄ − µ0
σ/

√
n

≥ u1−α)

= P(
x̄ − µ

σ/
√
n

≥ u1−α +
µ0 − µ

σ/
√
n
)

= 1− Φ(u1−α +
µ0 − µ

σ/
√
n
).

µ µ ≤ µ0 g(µ) ≤ g(µ0) = α.

51



σ µ

u =
X̄ − µ0
σ/

√
n

I: H0 : µ ⩽ µ0 vs H1 : µ > µ0

WI = {(x1, · · · , xn) : u ≥ u1−α}
pI = P (u ≥ u0) = 1− Φ (u0)

52



σ µ

II: H0 : µ ≥ µ0 vs H1 : µ < µ0

WII = {(x1, · · · , xn) : u ≤ uα}
pII = P (u ≤ u0) = Φ (u0)

III: H0 : µ = µ0 vs H1 : µ ̸= µ0

WIII =
{
(x1, · · · , xn) : |u| ≥ u1−α/2

}
pIII = P (|u| ≥ |u0|) = 2 (1− Φ (|u0|))

53



.
N(µ, 0.22) µ . 5 ,

8.05 8.15 8.2 8.1 8.25

8, ?

54



, X ∼ N(µ, 0.22).
:H0 : µ = 8 vs H1 : µ ̸= 8{

|u| ≥ u1−α/2
}

α = 0.05, u0.975 = 1.96.
x̄ = 8.15, u =

√
5(8.15− 8)/0.2 = 1.6771

u , , .

55



R

x <- c(8.05, 8.15, 8.2, 8.1, 8.25)
mu0 <- 8; sigma <- 0.2; n <- 5
u.crit <- qnorm(0.975)
u.crit

## [1] 1.959964

u.obs <- (mean(x) - mu0)/(sigma/sqrt(n))
u.obs

## [1] 1.677051

p.value <- 2 * (1 - pnorm(u.obs))
p.value

## [1] 0.09353251
56



X ∼ N(32, 16)
n = 25 x̄ = 29.5 α = 0.05

32 16

57



R

xbar <- 29.5
mu0 <- 32; sigma <- 4; n <- 25
u.crit <- qnorm(0.05)
u.crit

## [1] -1.644854

u.obs <- (xbar - mu0)/(sigma/sqrt(n))
u.obs

## [1] -3.125

p.value <- pnorm(u.obs)
p.value

## [1] 0.0008890253
58



σ µ

t =
X̄ − µ0
s/

√
n

σ µ

WI = {(x1, · · · , xn) : t ≥ t1−α}
WII = {(x1, · · · , xn) : t ≤ tα}
WIII =

{
(x1, · · · , xn) : |t| ≥ t1−α/2

}

59



σ µ

p σ µ

pI = P (t ≥ t0)
pII = P (t ≤ t0)
pIII = P (|t| ≥ |t0|)

60



, 240
5

239.7 239.6 239 240 239.2

61



R

x <- c(239.7, 239.6, 239, 240, 239.2)
mu0 <- 240
t.test(x, mu = mu0)

##
## One Sample t-test
##
## data: x
## t = -2.7951, df = 4, p-value = 0.04906
## alternative hypothesis: true mean is not equal to 240
## 95 percent confidence interval:
## 239.0033 239.9967
## sample estimates:
## mean of x
## 239.5

62
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6.6 ,
.

x1, · · · , xn N(µ, σ2) , σ2

, µ .
:
H0 : µ = µ0 vs H1 : µ ̸= µ0

64



α

W =
{
|t| ⩾ t1−α/2(n − 1)

}
.

W̄ =
{
|t| < t1−α/2(n − 1)

}
.

t =
x̄ − µ0
s/

√
n

65



W̄ =

| x̄ − µ0
s/

√
n

| < t1−α/2(n − 1)
 .

W̄ =

{
x̄ −

s
√
n
t1−α/2(n − 1) ≤ µ0 ≤ x̄+

s
√
n
t1−α/2(n − 1)

}
.

H0 : µ = µ0 µ0 , (−∞, ∞).

66



σ2 µ 1− α

x̄ ± s√
n
t1−α/2(n − 1)

.

67



1− α , H0 : µ = µ0
α .

: “ µ 1− α ” ” H0 : µ = µ0
α ” .

,

“ µ 1− α ” ” H0 : µ ⩽ µ0
α ” .

“ µ 1− α ” ” H0 : µ ⩾ µ0
α ” .

68



7.2 1 2 6 7 10

69



X1, · · · , Xm N(µ1, σ21) Y1, · · · , Yn
N(µ2, σ22)

µ1 − µ2

I: H0 : µ1 − µ2 ≤ 0 vs H1 : µ1 − µ2 > 0
II: H0 : µ1 − µ2 ≥ 0 vs H1 : µ1 − µ2 < 0
III: H0 : µ1 − µ2 = 0 vs H1 : µ1 − µ2 ̸= 0

70



σ1, σ2 u

u =
X̄ − Ȳ√
σ21
m + σ22

n

WI = {(x1, · · · , xn) : u ≥ u1−α}
WII = {(x1, · · · , xn) : u ≤ uα}
WIII =

{
(x1, · · · , xn) : |u| ≥ u1−α/2

}

71



σ1 = σ2 = σ t

t =
x̄ − ȳ

sw
√
1
m + 1

n

,

s2w =
(m−1)s2x+(n−1)s2y

m+n−2

WI = {(x1, · · · , xn) : t ≥ t1−α(m+ n − 2)}
WII = {(x1, · · · , xn) : t ≤ tα(m+ n − 2)}
WIII =

{
(x1, · · · , xn) : |t| ≥ t1−α/2(m+ n − 2)

}
72



8 9

76.43 76.21 73.58 69.69
65.29 70.83 82.75 72.34

73.66 64.27 69.34 71.37
69.77 68.12 67.27 68.07 62.61

α
73



X , Y , ,
X ∼ N

(
µ1, σ2

)
, Y ∼ N

(
µ2, σ2

)
.

H0 : µ1 ≤ µ2 vs H1 : µ1 > µ2.

74



,
x̄ = 73.39, ȳ = 68.2756,
8∑

i=1
(xi − x̄)2 = 191.7958,

9∑
i=1

(yi − ȳ)2 = 91.1552

,

sw =

√√√√ 1
8+ 9− 2

(191.7958+ 91.1552) = 4.3432

,

t =
73.39− 68.2756

4.3432 ·
√
1
8 +

1
9

= 2.4234

75



1

2 p

76



R

x <- c(76.43, 76.21, 73.58, 69.69, 65.29, 70.83, 82.75, 72.34)
y <- c(73.66, 64.27, 69.34, 71.37, 69.77, 68.12, 67.27, 68.07, 62.61)
t.test(x, y, alternative = 'greater', var.equal = TRUE)

##
## Two Sample t-test
##
## data: x and y
## t = 2.4234, df = 15, p-value = 0.01424
## alternative hypothesis: true difference in means is greater than 0
## 95 percent confidence interval:
## 1.41478 Inf
## sample estimates:
## mean of x mean of y
## 73.39000 68.27556

77



(paired data) ,
t

(fixed effects)
.

78



, 10 ,
, , , :

1 2 3 4 5 6 7 8 9 10
1 x 23 35 29 42 39 29 37 34 35 28
2 y 30 39 35 40 38 34 36 33 41 31

d=x-y −7 −4 −6 2 1 −5 1 1 −6 −3

,
α = 0.05 ?

79



t

x ∼ N(µ1, σ21), y ∼ N(µ2, σ22). d = x − y ∼ N(µ, σ2d),
µ = µ1 − µ2, σ2d = σ21 + σ22.

H0 : µ = 0 vs H1 : µ ̸= 0

t . t
t2 = d̄/

(
sd/

√
n

)

d̄ =
1
n

n∑
i=1

di, sd =
 1
n − 1

n∑
i=1

(
di − d̄

)21/2

W1 =
{
|t2| ⩾ t1−α/2(n − 1)| 80



n = 10, d̄ = −2.6, sd = 3.5024

t2 =
−2.6

3.5024/
√
10

=
−2.6
1.1076

= −2.3475

α = 0.05, t0.975(9) = 2.2622. |t2| > 2.2622,
. .
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R

x <- c(23, 35, 29, 42, 39, 29, 37, 34, 35, 28)
y <- c(30, 39, 35, 40, 38, 34, 36, 33, 41, 31)
t.test(x, y, paired = TRUE)

##
## Paired t-test
##
## data: x and y
## t = -2.3475, df = 9, p-value = 0.04348
## alternative hypothesis: true difference in means is not equal to 0
## 95 percent confidence interval:
## -5.10545182 -0.09454818
## sample estimates:
## mean of the differences
## -2.6
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χ2

F

83



χ2

X1, · · · , Xm N(µ, σ2) σ2

:

I: H0 : σ2 ≤ σ20 vs H1 : σ2 > σ20
II: H0 : σ2 ≥ σ20 vs H1 : σ2 < σ20
III: H0 : σ2 = σ20 vs H1 : σ2 ̸= σ20

84



χ2

χ2 =
(n − 1)S2

σ20
.

WI =
{
(x1, · · · , xn) : χ2 ≥ χ21−α(n − 1)

}
WII =

{
(x1, · · · , xn) : χ2 ≤ χ2α(n − 1)

}
WIII =

{
(x1, · · · , xn) : χ2 ≤ χ2α/2(n − 1), χ2 ≥ χ21−α/2(n − 1)

}

85



χ2

p

pI = P
(
χ2 ≥ χ20

)
pII = P

(
χ2 ≤ χ20

)
pIII = 2 ∗ min{P

(
χ2 ≤ χ20

)
, P

(
χ2 ≥ χ20

)
}

χ20 = (n − 1)s2/σ20

86



χ2

X ,
0.016. 25 , s2 = 0.025,

87



χ2

H0 : σ2 ≤ 0.016, H1 : σ2 > 0.016.
n = 25, α = 0.05, χ20.95(24) = 36.415.

χ20 =
(n − 1)s2

σ20
=
24× 0.025
0.016

= 37.5 > 36.415

, 0.05 , ,
.

p : p = P(χ2 ⩾ χ20) = P(χ2 ⩾ 37.5) = 0.039 < 0.05,
α = 0.05 .

88



R

n <- 25; s <- sqrt(0.025); sigma0 <- sqrt(0.016)
chisq.obs <- (n - 1)*s^2/sigma0^2
chisq.obs

## [1] 37.5

chisq.crit <- qchisq(0.95, 24)
chisq.crit

## [1] 36.41503

p.value <- 1-pchisq(chisq.obs, 24)
p.value

## [1] 0.0389818
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F

X1, · · · , Xm N(µ1, σ21) Y1, · · · , Yn
N(µ2, σ22)

σ21, σ22

I: H0 : σ21 ≤ σ22 vs H1 : σ21 > σ22
II: H0 : σ21 ≥ σ22 vs H1 : σ21 < σ22
III: H0 : σ21 = σ22 vs H1 : σ21 ̸= σ22

90



F

F =
S21
S22

.

WI = {(x1, · · · , xn) : F ≥ F1−α(m − 1, n − 1)}
WII = {(x1, · · · , xn) : F ≤ Fα(m − 1, n − 1)}
WIII ={
(x1, · · · , xn) : F ≤ Fα/2(m − 1, n − 1), F ≥ F1−α/2(m − 1, n − 1)

}
91



F

, ,
, ,
7 8 ,
X : 16.2 16.8 15.8 15.5 16.7 15.6 15.8
Y : 15.9 16.0 16.4 16.1 16.5 15.8 15.7 15.0

92



F

, H0 : σ21 = σ22,
H1 : σ21 ̸= σ22.

m = 7, n = 8, s2x = 0.2729, s2y = 0.2164.
F0 = 0.2729

0.2164 = 1.261.
α = 0.05,

F0.975(6, 7) = 5.12

F0.025 =
1

F0.975(7, 6)
=

1
5.70

= 0.175

93



F

W = {F ⩽ 0.175 F ⩾ 5.12}
, F0 = 0.2729

0.2164 = 1.261 ,
0.05 .
, p . F0 = 1.261,

p = 2min{P(F ⩾ 1.261), P(F ⩽ 1.261)}
= 2min{0.3803, 0.6197} = 0.7606 > 0.05
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R

x <- c(16.2, 16.8, 15.8, 15.5, 16.7, 15.6, 15.8)
y <- c(15.9, 16.0, 16.4, 16.1, 16.5, 15.8, 15.7, 15.0)
var.test(x, y)

##
## F test to compare two variances
##
## data: x and y
## F = 1.2607, num df = 6, denom df = 7, p-value = 0.7608
## alternative hypothesis: true ratio of variances is not equal to 1
## 95 percent confidence interval:
## 0.2463031 7.1804281
## sample estimates:
## ratio of variances
## 1.260726
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1 u t
2 u t
3 t
4 χ2 F
5
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7.2 12, 13, 14, 18, 21, 26

98



Outline

1

2

3

4
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1

2 p
3

4

100



X1, X2, · · · , Xn X ∼ Exp(1/θ) ,
E(X) = θ, θ

H0 : θ ⩽ θ0 vs H1 : θ > θ0

H0 : θ ⩾ θ0 vs H1 : θ < θ0

H0 : θ = θ0 vs H1 : θ ̸= θ0

χ2

χ2 =
2nX̄
θ

θ = θ0 , χ2 = 2nx̄
θ0

∼ χ2(2n).
101



χ2

Exp(1/θ) = Gamma(1, 1/θ).

Gamma nX̄ ∼ Gamma(n, 1/θ).
2nX̄
θ ∼ Gamma(n, 1/2) = χ2(2n).

102



α,

1 H0 : θ ⩽ θ0 vs H1 : θ > θ0
▶ H0 : θ ⩽ θ0 vs H1 : θ > θ0
▶ : W =

{
χ2 ⩾ χ21−α(2n)

}
▶ p : p = P (χ2 ⩾ χ20)

2 H0 : θ ⩾ θ0 vs H1 : θ < θ0
▶ H0 : θ ⩾ θ0 vs H1 : θ < θ0
▶ : W = {χ2 ⩽ χ2α(2n)}
▶ p : p = P (χ2 ⩽ χ20)

3 H0 : θ = θ0 vs H1 : θ ̸= θ0
▶ H0 : θ = θ0 vs H1 : θ ̸= θ0
▶ : W =

{
χ2 ⩽ χ2α/2(2n) χ2 ⩾ χ21−α/2(2n)

}
▶ p : p = 2min {P (χ2 ⩾ χ20) , P (χ2 ⩽ χ20)}

, χ20 =
2nx̄
θ0

χ2
103



p

p . n , x
, X ∼ b(n, p). X p .

H0 : p ≤ p0 vs H1 : p > p0
X , : W = {x ⩾ c}, x

, c .

104



α, c
:

P (x ≥ c; p0) =
n∑
i=c

 n
i

 pi0 (1− p0)n−i = α

.
c0,

n∑
i=c0+1

 n
i

 pi0 (1− p0)n−i < α <
n∑

i=c0

 n
i

 pi0 (1− p0)n−i

, c = c0 + 1, α
n∑

i=c0+1

 n
i

 pi0 (1− p0)n−i

105



, p , x = x0
p

p = Pp0 (x ⩾ x0)

α .

106



p

1 H0 : p ≤ p0 vs H1 : p > p0
▶ p : p = Pp0 (x ⩾ x0)

2 H0 : p ≥ p0 vs H1 : p < p0
▶ p : p = Pp0 (x ⩽ x0)

3 H0 : p = p0 vs H1 : p ̸= p0
▶ p : p = 2min {Pp0 (x ⩽ x0) , Pp0 (x ⩾ x0)} , x0 x

.

107



40%,
20 , 7 , α 40%?

p , T 20 ,
T ∼ b(20, p),

H0 : p = 0.4 vs H1 : p ̸= 0.4

n = 20, t0 = 7,
p = 2min {Pθ0(T ⩽ 7), Pθ0(T ⩾ 7)}
= 2min{0.4159, 0.7500} = 0.8318 > 0.05

, 40%.
108



p , , .
, — .

X1, · · · , Xn , θ, θ

, σ2(θ). , b(1, θ),
σ2(θ) = θ(1− θ) θ .

1 H0 : θ ≤ θ0 vs H1 : θ > θ0
2 H0 : θ ≥ θ0 vs H1 : θ < θ0
3 H0 : θ = θ0 vs H1 : θ ̸= θ0

109



n ,
X̄∼̇N

(
θ, σ2(θ)/n

)

u =

√
n (x̄ − θ0)√

σ2(θ̂)
∼̇N(0, 1)

θ̂ θ

110



p ( ):

1 H0 : θ ≤ θ0 vs H1 : θ > θ0
▶ W = {u ≥ u1−α}; p 1− Φ(u0)

2 H0 : θ ≥ θ0 vs H1 : θ < θ0
▶ W = {u ≤ uα}; p Φ(u0)

3 H0 : θ = θ0 vs H1 : θ ̸= θ0
▶ W = {|u| ≥ u1−α/2}; p 2(1− Φ(|u0|)) , u0 =

√
n(x̄−θ0)√

σ2(θ̂)

u .
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10%, , 80 ,
11 , α = 0.05 10%?
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, :
H0 : θ ≤ 0.1 vs H1 : θ > 0.1

n = 80 , . x̄ = 11/80, θ0 = 0.1,
θ̂MLE = x̄ , σ2(θ̂) = θ̂(1− θ̂) = 11/80× 69/80 = 0.1186

u =

√
80

(
11
80 − 0.1

)
√
0.1186

= 0.9739

α = 0.05, u0.95 = 1.645,
W = {u ≥ 1.645}

.
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0.6 ,
200 ,

0 1 2 3 4 5 ⩾ 6
102 59 30 8 0 1 0 200

( α = 0.05).
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X , X ,
X ∼ P(λ).

H0 : λ ≤ 0.6 vs H1 : λ > 0.6

n = 200 , ,
λ, λ̂ = x̄ = 0.74. x̄ = 0.74,

u =

√
n(x̄ − λ0)√

λ̂
=

√
200(0.74− 0.6)√

0.74
= 2.302

α = 0.05, u0.95 = 1.645, W = {u ≥ 1.645}
u = 2.302 , , .
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.
,

. ,
.
, 2

.
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x1, · · · , xn p(x; θ), θ ∈ Θ .

H0 : θ ∈ Θ0 vs H1 : θ ∈ Θ1 = Θ − Θ0

Λ (x1, · · · , xn) =
p

(
x1, · · · , xn; θ̂

)
p

(
x1, · · · , xn; θ̂0

)
θ̂ , θ̂0 Θ0 θ

. Λ (x1, · · · , xn)
(likelihood ratio), .
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Λ (x1, · · · , xn) , θ ∈ θ1 θ ∈ θ0
. , H0 .
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1

2 p
3

4
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7.3 3-6
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121



Outline

1

2

3

4
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1 χ2

2

3
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χ2

( ) , ,
, . 9 : 3 : 3 : 1.

, n = 566 ,
315, 108, 101, 32.
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( ).
, k : A1,A2, · · · ,Ak. n

, k :

n1, . . . , nk,
k∑

i=1
ni = n

H0 : P (Ai) = pi, i = 1, 2, · · · , k

pi ≥ 0, ∑k
i=1 pi = 1.
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pi

H0 , Ai, ni/n pi .
ni npi . , K.Pearson

:

χ2 =
k∑

i=1

(ni − npi)2

npi
H0 n,

k − 1 χ2 .
:

W =
{
χ2 ≥ χ21−α(k − 1)

}
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χ2 .
k = 4, n = 556, n1 = 315, n2 = 108, n3 = 101, n4 = 32

:
H0 : p1 =

9
16

, p2 =
3
16

, p3 =
3
16

, p4 =
1
16

χ2 =
(315− 312.75)2

312.75
+

(108− 104.25)2

104.25

+
(101− 104.25)2

104.25
+

(32− 34.75)2

34.75
= 0.47

α = 0.05, χ20.95(3) = 7.81 > 0.47, H0,
. 127



R

x <- c(315, 108, 101, 32)
chisq.test(x, p = c(9, 3, 3, 1)/16)

##
## Chi-squared test for given probabilities
##
## data: x
## X-squared = 0.47002, df = 3, p-value = 0.9254
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pi

pi, i = 1, · · · , k r(r < k) θ1, · · · , θr ,
pi = pi (θ1, · · · , θr) , i = 1, · · · , k

θ1, · · · , θr , pi, i = 1, · · · , k
p̂i = pi

(
θ̂1, · · · , θ̂r

)
.

Fisher

χ2 =
k∑

i=1

(ni − np̂i)2

np̂i
H0 k − r − 1 χ2 ,{

χ2 ≥ χ21−α(k − r − 1)
}
.
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2608 X.
, ni 2608 i .

i 0 1 2 3 4 5 6 7 8 9 10 ⩾ 11
ni 57 203 383 525 532 408 273 139 45 27 10 6

P(λ).
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0, 1, · · · , 11 12 , 12 .
λ, ,

λ̂ = x̄ = 3.870.

λ̂ p̂i.

p̂k =
λ̂k

k!
e−λ̂, k = 0, 1, 2, · · ·
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χ2 =
12∑
i=1

(ni − np̂i)2

np̂i
= 12.8967

α = 0.05,
χ21−α(k − r − 1) = χ20.95(10) = 18.307

χ2 = 12.8967 < 18.307, .
R p .
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133



1

(row)
( ) r (column)

( ) c
2

(contingency table)
3 r c r × c
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r × c
A\B 1 · · · j · · · c
1 n11 · · · n1j · · · n1c n1·
... ... ... ... ... ... ...
i n11 · · · nij · · · nic ni·
... ... ... ... ... ... ...
r nr1 · · · nrj · · · nrc nr·

n·1 · · · n·j · · · n·c n

: ,
. 135



,
r × c , pi·, p·j pij A, B

A B , , “A B ”

H0 : pij = pi·p·j, i = 1, · · · , r, j = 1, · · · , c
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( pij)

A\B 1 · · · j · · · c
1 p11 · · · p1j · · · p1c p1·
... ... ... ... ... ... ...
i p11 · · · pij · · · pic pi·
... ... ... ... ... ... ...
r pr1 · · · prj · · · prc pr·

p·1 · · · p·j · · · p·c 1
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pij rc , H0 , rc pij
r+ c p1·, · · · , pr· p·1, · · · , p·c . r+ c

r∑
i=1

pi· = 1,
c∑

j=1
p·j = 1

, pij r+ c − 2 . ,

χ2 =
r∑

i=1

c∑
j=1

(nij − np̂ij)2

np̂ij
p̂ij H0 pij ,

p̂ij = p̂i·p̂·j =
ni·
n

· n·j

n
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H0 ,
rc − (r+ c − 2) − 1 = (r − 1)(c − 1) χ2 .

α, :
W =

{
χ2 ≥ χ21−α((r − 1)(c − 1))

}
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R

eg1 <- as.table(matrix(c(126, 34, 158, 82, 35, 65), 2, 3))
row.names(eg1) <- c('Satisfied', 'Unsatisfied')
colnames(eg1) <- c('East', 'Middle', 'West')
chisq.test(eg1)

##
## Pearson's Chi-squared test
##
## data: eg1
## X-squared = 51.827, df = 2, p-value = 5.572e-12
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1 : Quantile-to-Quantile plot; QQ ; R
qqplot()

2

▶ Kolmogorov-Smirnov KS
▶ Liliefor
▶ Shapiro-Wilk SW

3 R
▶ ks.test(x, pnorm, mean, sd, alternative) ( )
▶ ks.test(x, pnorm, sample mean, sample sd, alternative)
( µ σ)

▶ shapiro.test(x, alternative)
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QQ

.
QQ ,

(
, x(i), y(i), .
,QQ ; , )
R qqplot()
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1 χ2

2

3 χ2 R
4

5
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7.4 5-7
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1 ? ?
2 α ?
3

4 u , t , χ2 , F ,
?

5 ?
6 t ?
7 χ2 ?
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