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“All models are wrong, but some are useful.”
— George E. P. Box
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(x1, y1), (x2, y2), · · · , (xn, yn) n
xi, i = 1, · · · , n yi, i = 1, · · · , n

Y = f(X) + ϵ

+
f()
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Response = Prediction + Error
Response = Signal + Noise
Response = Model + Unexplained
Response = Deterministic + Random
Response = Explainable + Unexplainable
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Yi = β0 + β1xi + ϵi, i = 1, · · · , n,

ϵi ∼ N(0, σ2)

1 intercept coefficient β0: x = 0 Y , β0 = E(Y|x = 0)
2 slope coefficient β1: x Y
3 error term ϵi ∼ N(0, σ2), σ

E(Yi|xi) = β0 + β1xi
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1 xi
2 Yi
3 yi Yi
4 β0, β1, σ

5
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Yi

E(Yi|Xi = xi) = β0 + β1xi.
var(Yi|Xi = xi) = σ2.

Yi
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Yi
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LINE

Linear
Independent

Normal
Equal Variance
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https://bioconnector.github.io/workshops/r-stats.html#our_data:_nhanes


x kg/mm2 y( )
β0 = 65, β1 = −1.2, σ = 8,

1kg/mm2 1.2

1 x = 20 Y > 50
2 x = 25 Y > 50
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FYI

x Y ∼ N(65− 1.2x, 82),

1 x = 20 Y|x = 20 ∼ N(65− 1.2 ∗ 20, 82) = N(41, 82)

P(Y > 50|x = 20) = P(Z >
50− 41

8
) = 1− Φ(1.13) = 0.1292

2 x = 25 Y > 50

P(Y > 50|x = 25) = P(Z >
50− 35

8
) = 1− Φ(1.88) = 0.0301
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(x1, y1), (x2, y2), · · · , (xn, yn)
β0 β1

ŷi ̸= yi
ei = yi − ŷi
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Sum of Squared Errors SSE

f(β0, β1) =
n∑

i=1
e2i =

n∑
i=1

(yi − (β0 + β1xi))2.

argmin
β0,β1

n∑
i=1

(yi − ŷi)2.
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→

∂f
∂β0

= −2
n∑

i=1
(yi − β0 − β1xi)

∂f
∂β1

= −2
n∑

i=1
(xi) (yi − β0 − β1xi)

n∑
i=1

(yi − β0 − β1xi) = 0

n∑
i=1

(xi) (yi − β0 − β1xi) = 0
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β̂1 =
Sxy
Sxx

=

∑n
i=1 (xi − x̄) (yi − ȳ)∑n

i=1 (xi − x̄)2

β̂0 = ȳ − β̂1x̄
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Yi = β0 + β1xi + ϵi, i = 1, · · · , n,

ϵi ∼ N(0, σ2)

Yi|Xi ∼ N(β0 + β1xi, σ2).
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L
(
β0, β1, σ2

)
=

n∏
i=1

1√
2πσ2

exp

−1
2

(yi − β0 − β1xi
σ

)2
=

( 1√
2πσ2

)n
exp

− 1
2σ2

n∑
i=1

(yi − β0 − β1xi)2

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log L
(
β0, β1, σ2

)
= − n

2
log(2π) − n

2
log

(
σ2
)

− 1
2σ2

n∑
i=1

(yi − β0 − β1xi)2

∂ log L
∂β0

=
1
σ2

n∑
i=1

(yi − β0 − β1xi)

∂ log L
∂β1

=
1
σ2

n∑
i=1

xi (yi − β0 − β1xi)

∂ log L
∂σ2

= − n
2σ2

+
1

2 (σ2)2
n∑

i=1
(yi − β0 − β1xi)2
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β̂1 =
Sxy
Sxx

=

∑n
i=1 (xi − x̄) (yi − ȳ)∑n

i=1 (xi − x̄)2

β̂0 = ȳ − β̂1x̄

σ̂2 =
1
n

n∑
i=1

(yi − ŷi)2
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R

marketing_model <- lm(Members ~ TV,
data = marketing)

plot(Members~TV, data = marketing,
xlab = " ",
ylab = " ",
main = " ",
pch = 16,
cex = 2,
col = "grey")

abline(marketing_model, lwd = 3,
col = "darkorange")
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coef(marketing_model)

## (Intercept) TV
## 14.06518710 0.04753664

̂ = 14.065+ 0.0475 ·
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Residuals σ2

σ2

33



fitted ŷi = β̂0 + β̂1xi = ȳ+ β̂1(xi − x̄)
(residual)

ei = yi − ŷi = yi − ȳ − β̂1(xi − x̄).
1

∑n
i=1 ei = 0, i.e. ē = 0

2
∑n

i=1 yi =
∑n

i=1 ŷi
3 ei ϵi “ ”

residuals sum of squares SSE

SSE =
n∑

i=1
(ei − ē)2 =

2∑
i=1

e2i =
n∑

i=1
(yi − ŷi)2
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σ2

σ2

σ̂2 = s2e =
SSE
n − 2

=

∑n
i=1(yi − ŷi)2

n − 2
▶ se =

√
SSE/(n − 2) σ
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n − 2

1 s2e β0, β1( 2)
2 s2e σ2

Es2e = σ2

3 SSE
σ2 ∼ χ2(n − 2) β̂0, β̂1
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marketing_model$residuals

## 1 2 3 4 5 6
## 8.25845097 2.50405190 2.89955247 8.53121085 -5.45443628 -0.49232464
## 7 8 9 10 11 12
## 4.06809925 0.90700454 -5.28281731 -11.86082862 -3.14953096 0.32257950
## 13 14 15 16 17 18
## 2.07206882 -3.93483198 4.53035628 12.15749382 4.48884446 7.98119167
## 19 20 21 22 23 24
## 1.95574187 1.13051863 1.17080836 -11.63558398 -4.12015441 -4.77041712
## 25 26 27 28 29 30
## -0.58825250 -15.05995264 2.34884107 -5.09228183 0.08058062 0.22263927
## 31 32 33 34 35 36
## 0.88784894 -0.99896051 -4.10631000 -4.51665050 -4.16370008 -16.10298985
## 37 38 39 40 41 42
## 11.35975424 8.23283882 2.03715450 7.25810486 -0.11752647 3.30684219
## 43 44 45 46 47 48
## -0.57870236 -7.93584891 0.54847355 -0.91251858 -1.39326039 9.52673282
## 49 50 51 52 53 54
## -6.06583651 -1.02558959 -10.26082862 -2.21054450 10.56095492 10.97443182
## 55 56 57 58 59 60
## 1.35906202 14.42473734 -3.75922205 -0.61416795 13.49336530 2.70287262
## 61 62 63 64 65 66
## -2.95160762 9.49216461 -5.41622321 4.17078696 9.47070578 -2.02524348
## 67 68 69 70 71 72
## 1.94000455 -0.50889512 1.16441602 9.92292561 3.60572268 0.29576666
## 73 74 75 76 77 78
## 0.98684897 -4.36766964 -0.35382524 1.72807446 -2.87970232 2.87848256
## 79 80 81 82 83 84
## -3.97858281 -3.09368768 2.27121424 -12.26375985 1.37579485 6.63180049
## 85 86 87 88 89 90
## 9.03666744 -2.03334496 2.68072157 7.41020071 3.33984220 8.89576666
## 91 92 93 94 95 96
## -4.43352872 -2.18428293 4.03735966 6.48092673 -1.27605746 4.20934614
## 97 98 99 100 101 102
## -9.45166740 -0.64423673 9.19208343 7.48090533 -11.80948476 5.35509245
## 103 104 105 106 107 108
## -11.10472040 -2.52945657 4.68835740 11.22420747 -2.04201912 -5.25981169
## 109 110 111 112 113 114
## -4.71064708 1.25309697 -8.73273392 6.55560092 -2.56956255 -2.19254677
## 115 116 117 118 119 120
## 7.70008234 3.99480951 -2.89938779 -2.52878576 5.78410150 -2.70960875
## 121 122 123 124 125 126
## 3.50095832 -1.85256478 -12.16160201 4.63129203 3.51549494 -1.15557719
## 127 128 129 130 131 132
## -1.60675869 -4.09006422 14.39016913 -0.33155464 -10.93173839 -13.87862118
## 133 134 135 136 137 138
## -3.46380266 4.23770577 4.02660884 4.54277344 2.50093691 1.51325593
## 139 140 141 142 143 144
## 1.04666182 9.75576327 0.75643409 5.91911840 5.17115447 -3.20985228
## 145 146 147 148 149 150
## -0.41123672 -6.80396840 -10.49228183 13.61299100 4.12202823 1.88503725
## 151 152 153 154 155 156
## -8.55225704 -2.36905408 0.34833260 7.64875989 -0.71994924 -8.05498755
## 157 158 159 160 161 162
## 7.60743183 -8.10716457 -0.57754448 -0.78633819 -1.66532805 4.38703273
## 163 164 165 166 167 168
## -2.17699321 6.39033148 -1.40777562 -12.55987146 0.23300117 -9.32634158
## 169 170 171 172 173 174
## -0.34397180 -11.09452085 -2.01885114 -0.70474180 -0.72862340 -6.67552760
## 175 176 177 178 179 180
## -12.20948476 13.60902143 2.71860993 -6.84665950 -16.77196391 -4.60932241
## 181 182 183 184 185 186
## -7.95366288 -10.43869897 -2.00830548 10.99173732 -2.99478578 11.64479032
## 187 188 189 190 191 192
## -6.72790978 2.36630893 -9.45614543 -2.44305745 3.77941831 -1.44321980
## 193 194 195 196 197 198
## -3.90044753 9.27658965 6.30234276 -2.49698643 -3.62109016 -5.29315781
## 199 200
## 9.97203045 -9.33169559

# resid(marketing_model)
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marketing_model_summary <- summary(marketing_model)
marketing_model_summary$sigma

## [1] 6.517313
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n∑
i=1

(yi − ȳ)2 =
n∑

i=1
(yi − ŷi)2 +

n∑
i=1

(ŷi − ȳ)2

SST = SSE + SSR
SST: Sum of Squares Total
SSE: Sum of Squares Error
SSR: Sum of Squares Regression
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R2

Goodness of Fit Coefficient of
Determination :

R2 =
SSR
SST

= 1−

n∑
i=1

e2i
n∑

i=1
(yi − ȳ)2

SSR Y
SSE Y ,
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R2 = 0.92
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R2 = 0.19
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R2

1 0 ≤ R2 ≤ 1
2 R2 = β̂21

Sxx
Syy

3 R2 = [r(X, Y)]2
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R

marketing_model_summary$r.squared

## [1] 0.6118751

44



1 yi
2 X Y
3

1 2
3
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R β̂0 β̂1

Yi = 25+ xi + ϵi, ϵi ∼ N(0, 1.42), i = 1, 2, · · · , 19, x

12, 14, 14, 15, 15, 16, 18, 22, 22, 24, 24, 26, 26, 27, 28, 30, 30, 33, 36

1 ϵi ∼ N(0, 1.42)
2 xi yi
3 (xi, yi)19i=1
4 1-3 250 β̂0 β̂1
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Gauss–Markov

β0 β1
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β̂1

β̂1 =

∑n
i=1(xi − x̄)Yi∑n
i=1(xi − x̄)2

=
n∑

i=1
kiYi,

ki =
(xi − x̄)∑n

i=1(xi − x̄)2
.

β̂0 = Ȳ − β̂1x̄.

β̂0 β̂1
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β̂0 ∼ N
β0, σ2

1
n
+

x̄2

Sxx


β̂1 ∼ N

β1,
σ2

Sxx


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Standard Errors, SE

σ se
SE

[
β̂0
]
= se

√
1
n +

x̄2
Sxx

SE
[
β̂1
]
= se√

Sxx

.

β̂0−β0
SE[β̂0]

∼ t(n − 2)
β̂1−β1
SE[β̂1]

∼ t(n − 2)
.
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Standard Errors, SE

β̂1 − β1

SE[β̂1]
=

β̂1 − β1

se/
√
Sxx

=
β̂1 − β1

se/
√
Sxx

· σ/
√
Sxx

σ/
√
Sxx

=
β̂1 − β1

σ/
√
Sxx

· σ/
√
Sxx

se/
√
Sxx

=
β̂1 − β1

σ/
√
Sxx

/√
s2e
σ2

=
β̂1 − β1

SD[β̂1]

/√ (n−2)s2e
σ2

n − 2
∼ Z√

χ2
n−2

n−2

∼ tn−2
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β0 β1

β0

β̂0 ± t1−α/2(n − 2) · SE
[
β̂0
]
,

β1

β̂1 ± t1−α/2(n − 2) · SE
[
β̂1
]
,

P
(
t(n − 2) > t1−α/2(n − 2)

)
= α/2.

54



R

confint(marketing_model, level = 0.95)

## 2.5 % 97.5 %
## (Intercept) 12.25943854 15.87093566
## TV 0.04223072 0.05284256
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β0 β0

H0 : β0 = 0 vs H1 : β0 ̸= 0

t =
β̂0 − 0

SE
[
β̂0
] = β̂0

se
√
1
n +

x̄2
Sxx

∼ t(n − 2).
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R

marketing_model_summary$coefficients

## Estimate Std. Error t value Pr(>|t|)
## (Intercept) 14.06518710 0.915685881 15.36028 1.40630e-35
## TV 0.04753664 0.002690607 17.66763 1.46739e-42
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F

F H0 Y X

n∑
i=1

(ŷi − ȳ)2 1 SSR/1
n∑

i=1
(yi − ŷi)2 n − 2 SSE/(n − 2)

n∑
i=1

(yi − ȳ)2 n − 1
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F

F =
∑n

i=1(ŷi − ȳ)2/1∑n
i=1(yi − ŷi)2/(n − 2)

∼ F1,n−2

F β1 t
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R F

anova(marketing_model)

## Analysis of Variance Table
##
## Response: Members
## Df Sum Sq Mean Sq F value Pr(>F)
## TV 1 13258.5 13258.5 312.14 < 2.2e-16 ***
## Residuals 198 8410.1 42.5
## ---
## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
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√
Garbage in, garbage out.
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ei = Yi − ŷi
1 E(ei) = 0
2 Var(ei) = σ2

[
1− 1

n − (xi−x̄)2
Sxx

]
3 V̂ar(ei) = s2e

[
1− 1

n − (xi−x̄)2
Sxx

]
4

e∗
i =

ei − 0
sei

=
yi − ŷi

se
√
1− 1

n − (xi−x̄)2
Sxx

n e∗
i ≈ ei

se
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Plots of (xi, e∗
i ) or (ŷi, e∗

i ):
0 ,
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- PP QQ
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Shapiro

shapiro.test(marketing_model$residuals)

##
## Shapiro-Wilk normality test
##
## data: marketing_model$residuals
## W = 0.99053, p-value = 0.2133
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-

Bootstrap
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1

2 least absolute deviation estimates LAD

(β̂0, β̂1) = argmin
n∑

i=1
|Yi − β0 − β1x|

3 Robust estimation, eg., Huber regression.
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x = x∗ ŷ = β̂0 + β̂1x∗

µY|x∗ = E(Y|X = x∗) = β0 + β1x∗.

ŷ E(Y|X = x∗) E(ŷ) = β0 + β1x∗.

µY|x∗ confidence interval Y
(prediction interval)
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ŷ = β̂0 + β̂1x∗ = Ȳ+ β̂1(x∗ − x̄)

= Ȳ+
∑n

i=1(xi − x̄)(Yi − Ȳ)(x∗ − x̄)
Sxx

=
n∑

i=1

[1
n
+

(xi − x̄)(x∗ − x̄)
Sxx

]
Yi

=
n∑

i=1
diYi,

di = 1
n +

(xi−x̄)(x∗−x̄)
Sxx

, i = 1, 2, · · · , n
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Var[ŷ] = σ2
(
1
n +

(x∗−x̄)2
Sxx

)
.

ŷ ∼ N
(
β0 + β1x∗, σ2

(
1
n +

(x∗−x̄)2
Sxx

))
.

ŷ ± t1−α/2(n − 2) · se

√√√√1
n
+

(x∗ − x̄)2

Sxx
.
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R

new_TV = data.frame(TV = c(500, 11))
predict(marketing_model, newdata = new_TV,

interval = c("confidence"), level = 0.99)

## fit lwr upr
## 1 37.83351 35.95918 39.70783
## 2 14.58809 12.27269 16.90349
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x∗ Y Y = β0 + β1x∗ + ϵ

ŷ − Y = ŷ − (β0 + β1x∗ + ϵ)

Because the future value Y is independent of the observed Yi’s that
determine ŷ,

Var[ŷ − Y] = Var[ŷ] + Var[Y] = Var[ŷ] + Var[ϵ]

= σ2
1
n
+

(x∗ − x̄)2

Sxx

+ σ2

= σ2
1+ 1

n
+

(x∗ − x̄)2

Sxx

 . 83



ŷ ± t1−α/2(n − 2) · se

√√√√1+ 1
n
+

(x∗ − x̄)2

Sxx
.
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R

new_TV = data.frame(TV = c(500, 11))
predict(marketing_model, newdata = new_TV,

interval = c("prediction"), level = 0.99)

## fit lwr upr
## 1 37.83351 20.779400 54.88761
## 2 14.58809 -2.520111 31.69629
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poverty.txt: 50
15-17 2002

1 y = 2002 1000 15 17
2 x =

1

2

3
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skincancer.txt: y 1000
x 48

1

2

3
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