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▶ (y) x1=size(ft2), x2 = age (years), x3 =numbers of rooms,
x4 = number of bathrooms

⇒

4



Yi = β0 + β1xi1 + β2xi2 + · · · + βpxip + ϵi, i = 1, 2, . . . , n

ϵi ∼ N(0, σ2), .

p : x1, · · · , xp
p+ 2 : β0, β1, · · · , βp, σ2

E(Yi|x1, · · · , xp) = β0 + β1xi1 + β2xi2 + · · · + βpxip
βj x1, · · · , xj−1, xj+1, · · · , xp xj
Y

5



(LINE)

linear function
(independence)
(normal distributed)
(equal variance)
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f(β0, β1, β2, · · · , βp) =
n∑
i=1

(yi−(β0+β1xi1+β2xi2+· · ·+βpxip))2,

(β̂0, β̂1, · · · , β̂p) = argmin f(β0, β1, β2, · · · , βp)

8



β0, β1, · · · , βp

nβ0 + (
n∑
i=1

xi1)β1 + · · · + (
n∑
i=1

xip)βp =
n∑
i=1

Yi

(
n∑
i=1

xi1)β0 + (
n∑
i=1

x2i1)β1 + · · · + (
n∑
i=1

xi1xip)βp =
n∑
i=1

xi1Yi

...

(
n∑
i=1

xip)β0 + (
n∑
i=1

xi1xip)β1 + · · · + (
n∑
i=1

x2ip)βp =
n∑
i=1

xipYi.

Ŷ = β̂0 + β̂1x1 + β̂2x2 + · · · + β̂pxp
9




Y1
Y2
...
Yn

 =


1 x11 x12 · · · x1p
1 x21 x22 · · · x2p
...

...
...

...
1 xn1 xn2 · · · xnp




β0
β1
β2
...

βp

 +


ϵ1
ϵ2
...

ϵn



Y = Xβ + ϵ

Y =


Y1
Y2
...
Yn

 , X =


1 x11 x12 · · · x1p
1 x21 x22 · · · x2p
...

...
...

...
1 xn1 xn2 · · · xnp

 , β =


β0
β1
β2
...

βp

 , ϵ =


ϵ1
ϵ2
...

ϵn


10



β̂ = argmin
β

∥Y − Xβ∥22

X⊤Xβ = X⊤Y.

β̂ =
(
X⊤X

)−1 X⊤Y.

11



β̂
(
X⊤X

)−1

1 X rank(X) = p+ 1
2 X
3 x1, x2, · · · , xp

12



R

25

## tibble [25 x 5] (S3: tbl_df/tbl/data.frame)
## $ : num [1:25] 0.9 1.1 4.8 3.2 7.8 2.7 1.6 12.5 1 2.6 ...
## $ : num [1:25] 67.3 111.3 173 80.8 199.7 ...
## $ : num [1:25] 6.8 19.8 7.7 7.2 16.5 2.2 10.7 27.1 1.7 9.1 ...
## $ : num [1:25] 5 16 17 10 19 1 17 18 10 14 ...
## $ : num [1:25] 51.9 90.9 73.7 14.5 63.2 2.2 20.2 43.8 55.9 64.3 ...

13
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##
## 1.0000000 0.8435714 0.7315050 0.7002815
## 0.8435714 1.0000000 0.6787718 0.8484164
## 0.7315050 0.6787718 1.0000000 0.5858315
## 0.7002815 0.8484164 0.5858315 1.0000000
## 0.5185181 0.7797022 0.4724310 0.7466458
##
## 0.5185181
## 0.7797022
## 0.4724310
## 0.7466458
## 1.0000000

15



loan.model <- lm( ~ +
+

+
,

data = loan)
loan.model.summary <- summary(loan.model)

16



##
## Call:
## lm(formula = ~ + +
## + , data = loan)
##
## Residuals:
## Min 1Q Median 3Q Max
## -2.9198 -0.9507 -0.2880 1.0334 3.1037
##
## Coefficients:
## Estimate Std. Error t value Pr(>|t|)
## (Intercept) -1.02164 0.78237 -1.306 0.20643
## 0.04004 0.01043 3.837 0.00103 **
## 0.14803 0.07879 1.879 0.07494 .
## 0.01453 0.08303 0.175 0.86285
## -0.02919 0.01507 -1.937 0.06703 .
## ---
## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##
## Residual standard error: 1.779 on 20 degrees of freedom
## Multiple R-squared: 0.7976, Adjusted R-squared: 0.7571
## F-statistic: 19.7 on 4 and 20 DF, p-value: 1.035e-06

17



SSE =
∑n

i=1(yi − ŷi)2
1 SSE

σ2
∼ χ2(n − p − 1)

2 σ2 s2e

s2e =
∑n

i=1(yi − ŷi)2

n − p − 1
=

e⊤e
n − p − 1

E(s2e) = σ2.

18



loan.model.summary$sigma

## [1] 1.778752

19



β̂

β̂ ∼ N
(
β, σ2

(
X⊤X

)−1)
, Cov(β̂, e) = 0

E[β̂j] = βj,Var[β̂j] = σ2Cjj,
C =

(
X⊤X

)−1

Gauss–Markov
β̂ β

20



β̂ Standard Error

β̂

SE[β̂] = se
√
(X⊤X)−1

β̂j,
SE[β̂j] = se

√
Cjj.

βj se

21



SST = SSE+ SSR.

Goodness of Fit Coefficient of
Determination :

R2 =
SSR
SST

= 1−

n∑
i=1

e2i
n∑
i=1

(yi − ȳ)2

22



R2 p

R2adj = 1− MSE
MST

= 1− SSE/(n − p − 1)
SST/(n − 1)

= 1− n − 1
n − p − 1

SSE
SST

R2adj R2

R2adj R2

23



loan.model.summary$r.squared

## [1] 0.797604

loan.model.summary$adj.r.squared

## [1] 0.7571248
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1 xj

H0 : βj = 0, j = 1, 2, · · · , p
2 x1, · · · , xp

H0 : β1 = β2 = · · · = βp = 0.

26



β̂

β̂j ∼ N
(
βj, σ2Cjj

)
.

β̂j − βj

se
√
Cjj

∼ t(n − p − 1).

27



β̂

β̂j

β̂j ± t1−α/2(n − p − 1) · se
√
Cjj

28



β̂ : R

confint(loan.model, level = 0.99)

## 0.5 % 99.5 %
## (Intercept) -3.24775491 1.20447538
## 0.01035187 0.06972683
## -0.07616275 0.37223054
## -0.22172819 0.25078690
## -0.07208059 0.01369486

29



-

x0
ŷ(x0) = x⊤

0 β̂

= β̂0 + β̂1x01 + β̂2x02 + · · · + β̂px0p.

E[ŷ(x0)] = x⊤
0 β

= β0 + β1x01 + β2x02 + · · · + βpx0p

30



SE[ŷ(x0)] = se
√
x⊤
0 (X⊤X)−1 x0.

ŷ(x0) ± t1−α/2(n − p − 1) · se
√
x⊤
0 (X⊤X)−1 x0.

31



new.loan = data.frame( = c(100, 150, 200), = c(7, 20, 13),
= c(10, 6, 5), = c(40, 76, 5))

predict(loan.model, newdata = new.loan, interval = "confidence", level = 0.99)

## fit lwr upr
## 1 2.996112 1.631683 4.360541
## 2 5.813459 2.089203 9.537715
## 3 8.837354 3.896133 13.778574

32



y √
SE2[ŷ(x0)] + SE2[ϵ] = se

√
1+ x⊤

0 (X⊤X)−1 x0.

ŷ(x0) ± t1−α/2(n − p − 1) · se
√
1+ x⊤

0 (X⊤X)−1 x0.

33



predict(loan.model, newdata = new.loan, interval = "prediction", level = 0.99)

## fit lwr upr
## 1 2.996112 -2.2457345 8.237958
## 2 5.813459 -0.4702792 12.097198
## 3 8.837354 1.7640983 15.910609
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βj

H0 : βj = 0 vs H1 : βj ̸= 0

t =
β̂j − βj

SE[β̂j]
=

β̂j − 0
se

√
Cjj

t(n − p − 1)

35



βj

loan.model.summary$coefficients

## Estimate Std. Error t value Pr(>|t|)
## (Intercept) -1.02163976 0.78237236 -1.3058229 0.206433969
## 0.04003935 0.01043372 3.8374953 0.001028464
## 0.14803389 0.07879433 1.8787378 0.074935421
## 0.01452935 0.08303316 0.1749825 0.862852686
## -0.02919287 0.01507297 -1.9367689 0.067030078

36



SST = SSE+ SSR.

H0 : β1 = β2 = · · · = βp = 0.

Yi = β0 + ϵi.

H1 : βj ̸= 0, j = 1, 2, · · · , p

37



F

F

n∑
i=1

(ŷi − ȳ)2 p SSR/p MSR/MSE
n∑

i=1
(yi − ŷi)2 n − (p+ 1) SSE/(n − (p+ 1))

n∑
i=1

(yi − ȳ)2 n − 1

38



F

F

F =
∑n

i=1(ŷi − ȳ)2/p∑n
i=1(yi − ŷi)2/(n − p − 1)

∼ F(p, n − p − 1), under H0

W = {F ≥ F1−α(p, n − p − 1)}
p-

p = P(F(p, n − p − 1) > F0)
39



F

F =
R2

1− R2
· n − (p+ 1)

p

F R2
1−R2 ,

n−(p+1)
p p p > n− 1 F

40



F

loan.model.summary$fstatistic

## value numdf dendf
## 19.70404 4.00000 20.00000

41



Outline

1

2

3

4

5

6

7 Key points &
42



LINE

linear function
(independence)
(normal distributed)
(equal variance)
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e = y − ŷ = (I − X(XTX)−1XT)y = (I − H)y
hat matrix H = X(XTX)−1XT

Cov(e) = σ2(I − H)

e∗
i =

ei
se

√
1− hii

QQ

44



1 (ŷi, ei)ni=1

ei 0 (linear)
ŷi equal variance

|ei| ≥ 3 (outlier)

2 (xij, ei)ni=1

ei 0 (linear)
xij equal variance

45



QQ
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Anderson-Darling Test
Shapiro-Wilk Test
Kolmogorov-Smirnov Test

R
1 ad.test() in ‘nortest’ package
2 shapiro.test()
3 ks.test()

47



: PIQ

iqsize PIQ Brain Weight Height

48



#
par(mfrow = c(2, 2))
plot(iq.lm$fitted, iq.res, xlab = 'Fitted values', ylab = 'Standarized residuals')
plot(iq$Brain, iq.res, xlab = 'Brain', ylab = 'Standarized residuals')
plot(iq$Height, iq.res, xlab = 'Height', ylab = 'Standarized residuals')
plot(iq$Weight, iq.res, xlab = 'Weight', ylab = 'Standarized residuals')
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QQ
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##
## Exact one-sample Kolmogorov-Smirnov test
##
## data: iq.res
## D = 0.096875, p-value = 0.8344
## alternative hypothesis: two-sided

##
## Shapiro-Wilk normality test
##
## data: iq.res
## W = 0.97492, p-value = 0.5402

##
## Anderson-Darling normality test
##
## data: iq.res
## A = 0.26917, p-value = 0.6614 52



“ ” unusual
observations”

1 Outliers
2 Points with high leverage
3 Influential points

53



standardized residual

3 2

54



R:

outlierTest(loan.model)

## No Studentized residuals with Bonferroni p < 0.05
## Largest |rstudent|:
## rstudent unadjusted p-value Bonferroni p
## 8 2.937128 0.0084586 0.21146

55



hii i ŷi hii = ∂ŷi
yi

= xTi (XTX)−1xi

hii =
1
n
+

(xi − x̄)2

Sxx
.

56



H

0 ≤ hii ≤ 1, ∑n
i=1 hii = p+ 1

((p+ 1)/n)

hii >
2(p+ 1)

n
.
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hatvalues(loan.model)

## 1 2 3 4 5 6 7
## 0.14699817 0.37700617 0.11985647 0.10804892 0.14506018 0.16892163 0.16380175
## 8 9 10 11 12 13 14
## 0.51247764 0.14807691 0.11234041 0.10369810 0.13773405 0.13179714 0.18982442
## 15 16 17 18 19 20 21
## 0.28661792 0.10235522 0.21113050 0.07722630 0.11290567 0.35554736 0.57824701
## 22 23 24 25
## 0.10095553 0.05756815 0.26663244 0.28517194

58



hatvalues(loan.model) > 2 * mean(hatvalues(loan.model))

## 1 2 3 4 5 6 7 8 9 10 11 12 13
## FALSE FALSE FALSE FALSE FALSE FALSE FALSE TRUE FALSE FALSE FALSE FALSE FALSE
## 14 15 16 17 18 19 20 21 22 23 24 25
## FALSE FALSE FALSE FALSE FALSE FALSE FALSE TRUE FALSE FALSE FALSE FALSE
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Cook’s Distance Di

Di > 4
n

Cook’s Distance

Di =
e∗2
i

p+ 1
· hii
1− hii

,

e∗
i

60



Di β̂ β̂−(i) i

Di =
∥ŷ−(i) − ŷ∥22
(p+ 1)s2e

=
(β̂−(i) − β̂)TXTX(β̂−(i) − β̂)

(p+ 1)s2e

61



cooks.distance(loan.model)[8] > 4/nrow(loan)

## 8
## TRUE

cooks.distance(loan.model)[21] > 4/nrow(loan)

## 21
## FALSE
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##
## Call:
## lm(formula = ~ + +
## + , data = loan.new)
##
## Residuals:
## Min 1Q Median 3Q Max
## -2.09473 -1.24993 -0.09849 0.98472 2.77202
##
## Coefficients:
## Estimate Std. Error t value Pr(>|t|)
## (Intercept) -0.674348 0.676097 -0.997 0.331098
## 0.039071 0.008884 4.398 0.000309 ***
## -0.014968 0.087032 -0.172 0.865271
## 0.039881 0.071174 0.560 0.581803
## -0.017078 0.013472 -1.268 0.220223
## ---
## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##
## Residual standard error: 1.513 on 19 degrees of freedom
## Multiple R-squared: 0.8128, Adjusted R-squared: 0.7734
## F-statistic: 20.63 on 4 and 19 DF, p-value: 1.065e-06
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Chapter 8 of An R Companion to Applied Regression.
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SSE

overfitting
1

2

3 MSE
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MSE overestimate σ2,
y=weight, x1=height, x2=water (0,10,20 cups per day)

1 1: y = β0 + β1x1 + β2x2 + ε

2 2: y = β0 + β1x1 + ε

71



weight~height+water

##
## Call:
## lm(formula = weight ~ height + water, data = mdata)
##
## Residuals:
## Min 1Q Median 3Q Max
## -0.16247 -0.10722 0.02955 0.08388 0.15792
##
## Coefficients:
## Estimate Std. Error t value Pr(>|t|)
## (Intercept) -1.220194 0.320978 -3.801 0.00421 **
## height 0.283436 0.009142 31.003 1.85e-10 ***
## water 0.111212 0.005748 19.348 1.22e-08 ***
## ---
## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##
## Residual standard error: 0.1305 on 9 degrees of freedom
## Multiple R-squared: 0.9972, Adjusted R-squared: 0.9966
## F-statistic: 1592 on 2 and 9 DF, p-value: 3.353e-12
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weight~height

##
## Call:
## lm(formula = weight ~ height, data = mdata)
##
## Residuals:
## Min 1Q Median 3Q Max
## -1.2140 -0.3943 -0.1359 0.3528 1.5307
##
## Coefficients:
## Estimate Std. Error t value Pr(>|t|)
## (Intercept) -4.14335 1.75340 -2.363 0.0397 *
## height 0.38893 0.04543 8.561 6.48e-06 ***
## ---
## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##
## Residual standard error: 0.808 on 10 degrees of freedom
## Multiple R-squared: 0.8799, Adjusted R-squared: 0.8679
## F-statistic: 73.28 on 1 and 10 DF, p-value: 6.475e-06 73



Visualization
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F t
R2adj
Akaike information criterion (AIC) Bayesian information
criterion (BIC)
Mallows’s Cp
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Backward Elimination

t

1 X1, X2, · · · , Xp−1
▶ t X1, X2, · · · , Xp−1
▶ t p-

2 p − 2 , t p-

3 t

76



step(loan.model, direction = "backward")

## Start: AIC=33.22
## ~ + +
## +
##
## Df Sum of Sq RSS AIC
## - 1 0.097 63.376 31.255
## <none> 63.279 33.217
## - 1 11.168 74.447 35.280
## - 1 11.868 75.147 35.514
## - 1 46.594 109.873 45.011
##
## Step: AIC=31.26
## ~ + +
##
##
## Df Sum of Sq RSS AIC
## <none> 63.376 31.255
## - 1 11.333 74.709 33.368
## - 1 12.147 75.523 33.639
## - 1 69.939 133.315 47.846

##
## Call:
## lm(formula = ~ + +
## , data = loan)
##
## Coefficients:
## (Intercept)
## -0.97160 0.04104 0.14886 -0.02850
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Forward Selection

Y Xi
p- ,
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step(lm( ~ 1, data = loan),
scope = ~ + +

+ ,
direction = "forward")

## Start: AIC=65.16
## ~ 1
##
## Df Sum of Sq RSS AIC
## + 1 222.49 90.164 36.069
## + 1 167.30 145.351 48.007
## + 1 153.32 159.328 50.302
## + 1 84.06 228.591 59.326
## <none> 312.650 65.155
##
## Step: AIC=36.07
## ~
##
## Df Sum of Sq RSS AIC
## + 1 15.4555 74.709 33.368
## + 1 14.6410 75.523 33.639
## <none> 90.164 36.069
## + 1 0.2653 89.899 37.995
##
## Step: AIC=33.37
## ~ +
##
## Df Sum of Sq RSS AIC
## + 1 11.3329 63.376 31.255
## <none> 74.709 33.368
## + 1 0.2621 74.447 35.280
##
## Step: AIC=31.26
## ~ + +
##
##
## Df Sum of Sq RSS AIC
## <none> 63.376 31.255
## + 1 0.096877 63.279 33.217

##
## Call:
## lm(formula = ~ + +
## , data = loan)
##
## Coefficients:
## (Intercept)
## -0.97160 0.04104 -0.02850 0.14886
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Stepwise Regression

80



Stepwise Regression

t

t
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step(lm( ~ 1, data = loan),
scope = ~ + +

+ ,
direction = "both")

## Start: AIC=65.16
## ~ 1
##
## Df Sum of Sq RSS AIC
## + 1 222.49 90.164 36.069
## + 1 167.30 145.351 48.007
## + 1 153.32 159.328 50.302
## + 1 84.06 228.591 59.326
## <none> 312.650 65.155
##
## Step: AIC=36.07
## ~
##
## Df Sum of Sq RSS AIC
## + 1 15.455 74.709 33.368
## + 1 14.641 75.523 33.639
## <none> 90.164 36.069
## + 1 0.265 89.899 37.995
## - 1 222.486 312.650 65.155
##
## Step: AIC=33.37
## ~ +
##
## Df Sum of Sq RSS AIC
## + 1 11.333 63.376 31.255
## <none> 74.709 33.368
## + 1 0.262 74.447 35.280
## - 1 15.455 90.164 36.069
## - 1 153.882 228.591 59.326
##
## Step: AIC=31.26
## ~ + +
##
##
## Df Sum of Sq RSS AIC
## <none> 63.376 31.255
## + 1 0.097 63.279 33.217
## - 1 11.333 74.709 33.368
## - 1 12.147 75.523 33.639
## - 1 69.939 133.315 47.846

##
## Call:
## lm(formula = ~ + +
## , data = loan)
##
## Coefficients:
## (Intercept)
## -0.97160 0.04104 -0.02850 0.14886
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1

Box-Cox

2
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Y = β0 + β1X+ β2X2 + . . . + βhXh + ϵ

h .

h = 2:
h = 3:
h = 4:
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x2
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log-

Wool ( car )

88



## (Intercept) len amp load
## Estimate 4521 13.2 -536 -62.2
## Std. Error 1622 2.3 115 23.0
##
## Residual SD = 488 on 23 df, R-squared = 0.729
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log

wool.mod.log <- lm(log(cycles) ~ len + amp + load, data=Wool)

## (Intercept) len amp load
## Estimate 10.552 0.016648 -0.6309 -0.07852
## Std. Error 0.617 0.000875 0.0438 0.00875
##
## Residual SD = 0.186 on 23 df, R-squared = 0.966
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birthsmokers (Weight)
Smooking Gest
Weight = β0 + β1Smooking+ β2Gest+ ε

Smooking=1,
Smooking=0

Smooking=1
Ŵeight = β̂0 + β̂1 + β̂2Gest

Smooking=0
Ŵeight = β̂0 + β̂2Gest
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##
## Call:
## lm(formula = Wgt ~ ., data = birthsmokers)
##
## Residuals:
## Min 1Q Median 3Q Max
## -223.693 -92.063 -9.365 79.663 197.507
##
## Coefficients:
## Estimate Std. Error t value Pr(>|t|)
## (Intercept) -2389.573 349.206 -6.843 1.63e-07 ***
## Gest 143.100 9.128 15.677 1.07e-15 ***
## Smoke -244.544 41.982 -5.825 2.58e-06 ***
## ---
## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##
## Residual standard error: 115.5 on 29 degrees of freedom
## Multiple R-squared: 0.8964, Adjusted R-squared: 0.8892
## F-statistic: 125.4 on 2 and 29 DF, p-value: 5.289e-15
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1 Modern Mathematical Statistics with Applications: 12.8
2 Lesson 8: Categorical Predictors
3 Lesson 9: Data Transformations
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https://link.springer.com/book/10.1007/978-3-030-55156-8
https://online.stat.psu.edu/stat501/lesson/8
https://online.stat.psu.edu/stat501/lesson/9
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