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+

https://setosa.io/ev/principal-component-analysis/.
9
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PCA

yh =
p∑
j=1

αhjxj = Xαh, (h = 1, · · · ,m, m << p).


x11 x12 · · · x1p
x21 x22 · · · x2p
...

...
...

xn1 xn2 · · · xnp


n×p

⇒


y11 y12 · · · y1p
y21 y22 · · · y2p
...

...
...

yn1 yn2 · · · ynp


n×p

⇒


y11 · · · y1m
y21 · · · y2m
...

...
yn1 · · · ynm


n×m

var(yh) = αThΣαh, cov(yi, yj) = αTi Σαj.

10



(PC1) y1

α1

max var(y1) = αT1Σα1, subject to αT1α1 = 1.

11



(PC2) y2

X

α2
max var(y2) = αT2Σα2, subject to

αT2α2 = 1, cov(y1, y2) = αT1Σα2 = 0

12



i (PCi) yi

αi
max var(yi) = αTi Σαi

1 αTi αi = 1
2 cov(yl, yi) = αTl Σαi = 0, l = 1, · · · , i− 1.

αi?
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PCA

λ1, · · · , λp Σ

λ1 ≥ λ2 ≥ · · · ≥ λp

α1, α2, · · · , αp

loadings Σ

var(yi) = λi i Σ λi

15



PCA

1

2

3

⇒
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1 X Z
zij =

xij−x̄j
Sj

2 Z X Σ = 1
n−1Z

TZ

3 Σ Σ λ1 ≥ λ2 ≥ · · · ≥ λp
Q Σ Λ = QTΣQ

4 Y = ZQ Y m X m Q
h

yh =
p∑
j=1
qhjzj = Zqh.

17



1 y1 y1
2

q1 = argmax
∥q1∥=1

{q′
1Σq1}

q2 = argmax
∥q2∥=1

{q′
2Σq2} subject to q′

1Σq2 = 0

...

qℓ = argmax
∥qℓ∥=1

{q′
ℓΣqℓ} subject to q′

kΣqℓ = 0 ∀k < ℓ

18



PCA

q1 Σq1 = λ1q1. λ1 = var(y1).
λh = var(yh).
ȳh = 0.
cov(yi, yj) = 0.

19



PCA

m
m∑
k=1

λk
p∑
k=1

λk
.

p∑
k=1

λk =
p∑
k=1

var(yk) =
p∑
k=1

var(zk) = p.

20



cor(y1, zj) =
√

λ1q1j.
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35
4 : Citation ( ) PaperNo RefNo

NSFC “ ”

## Citation PaperNO RefNO NSFC
## 33 175 54 1
## 47 285 64 59
## 21 60 35 24
## 20 293 117 0
## 37 212 22 10
## 1 41 26 3

24



loadings
##
## Loadings:
## Comp.1 Comp.2 Comp.3 Comp.4
## Citation 0.634 0.395 0.664
## PaperNO -0.936 0.281 -0.197
## RefNO 0.648 0.246 0.131 -0.709
## NSFC 0.414 -0.251 -0.865 0.132
##
## Comp.1 Comp.2 Comp.3 Comp.4
## SS loadings 1.00 1.00 1.00 1.00
## Proportion Var 0.25 0.25 0.25 0.25
## Cumulative Var 0.25 0.50 0.75 1.00

Y1 = 0.634 ∗ Citation+ 0.648 ∗ RefNo+ 0.414 ∗ NSFC

Y2 = −0.936 ∗ PaperNo+ 0.246 ∗ RefNo− 0.251 ∗ NSFC 25



## Importance of components:
## Comp.1 Comp.2 Comp.3 Comp.4
## Standard deviation 1.2376191 1.0128027 0.9412763 0.7460085
## Proportion of Variance 0.3829253 0.2564423 0.2215003 0.1391322
## Cumulative Proportion 0.3829253 0.6393676 0.8608678 1.0000000

26
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scores

## Comp.1 Comp.2 Comp.3 Comp.4
## 0.66652842 -0.09044110 0.89506349 -0.33498953
## 2.63911891 -2.10015964 -0.99424599 -0.10131949
## 0.25449784 0.85696057 -0.85180952 0.28562855
## 1.93936103 -0.99528927 1.47169792 -2.66842290
## 0.23870367 -0.95372324 0.54386527 0.58036927
## -0.96426677 1.25396608 -0.36413074 -0.13038629
## -0.22495473 1.22511228 -0.61375999 -0.24190476
## -1.41905599 -1.57657886 0.43351126 -0.02271772
## -0.94468388 1.20595510 -0.87475479 0.66398914
## 0.21410146 1.02476840 0.24094165 -1.47497153
## -1.27895150 -0.01450266 0.03939508 0.31321626
## 0.23218572 -0.57833643 0.97492533 0.62785225
## -0.81275449 -0.82304264 0.53731028 0.18554668
## -0.81233253 0.77792029 -0.10640871 -0.21336411
## 0.41931154 1.04656538 -0.15223777 -0.36049748
## 0.53040476 0.88986910 0.05883912 -0.01311399
## -1.34581534 -1.79823718 0.53419476 -0.01402184
## -0.47904284 0.35704298 0.28179363 -0.29612825
## -0.09370184 0.40747852 0.04079867 -0.64988412
## -0.51678331 0.78761210 -0.09230624 -0.25054210
## 0.22377175 0.78192746 -1.45746581 0.17152688
## 2.08603795 1.05550741 0.42807731 0.17706671
## -1.44973817 -0.92632668 0.25534141 0.14183793
## -0.97193940 -2.07207634 0.10379880 0.15299620
## 0.23417592 1.24861769 0.03986256 -1.25954846
## 0.68192004 -0.49000934 0.67986256 0.17943103
## 0.26104851 0.36032492 0.81735925 0.89850126
## -1.18848887 -0.08765094 0.09444254 0.64182352
## 2.06490920 -1.06580142 -3.08602902 0.49398174
## -1.63971994 0.91876981 -0.31570711 0.50255348
## 1.23031500 -0.92573248 -2.06671024 -0.08371131
## -1.12649871 -0.33094659 0.20943102 -0.04347273
## 3.30274105 0.85576159 2.31295571 2.09133261
## -1.52628877 -0.66723813 0.14341963 0.14102113
## -0.42411571 0.44193325 -0.16132131 -0.08967803
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1

## Citation PaperNO RefNO NSFC
## 0.784 0.102 0.802 0.513

2

## Citation PaperNO RefNO NSFC
## 0.035 -0.948 0.249 -0.254

30



PCA

Citation

PaperNO

RefNO

NSFC
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D
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)
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PCA
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30 17

## [1] " " " " " " "PM2.5"
## [5] " " " " " " " "
## [9] " " " " " " " "
## [13] " " " " " " " "
## [17] " "

PM2.5 13

33



90.7%

## Importance of components:
## Comp.1 Comp.2 Comp.3
## Standard deviation 1.6496552 0.41995896 0.31980020
## Proportion of Variance 0.9071208 0.05878851 0.03409072
## Cumulative Proportion 0.9071208 0.96590928 1.00000000

##
## Loadings:
## Comp.1 Comp.2 Comp.3
## 0.579 0.531 0.619
## 0.584 0.261 -0.769
## 0.570 -0.806 0.159
##
## Comp.1 Comp.2 Comp.3
## SS loadings 1.000 1.000 1.000
## Proportion Var 0.333 0.333 0.333
## Cumulative Var 0.333 0.667 1.000

## cairo_pdf
## 2

## cairo_pdf
## 2
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57.9%

## Importance of components:
## Comp.1 Comp.2 Comp.3 Comp.4 Comp.5
## Standard deviation 2.7438480 1.3415918 1.13333586 0.97628709 0.70084772
## Proportion of Variance 0.5791309 0.1384514 0.09880386 0.07331819 0.03778366
## Cumulative Proportion 0.5791309 0.7175823 0.81638620 0.88970439 0.92748805
## Comp.6 Comp.7 Comp.8 Comp.9 Comp.10
## Standard deviation 0.50188127 0.45657340 0.41388159 0.343561200 0.25658558
## Proportion of Variance 0.01937575 0.01603533 0.01317677 0.009079561 0.00506432
## Cumulative Proportion 0.94686381 0.96289913 0.97607590 0.985155463 0.99021978
## Comp.11 Comp.12 Comp.13
## Standard deviation 0.247117886 0.199800715 0.161725850
## Proportion of Variance 0.004697481 0.003070794 0.002011942
## Cumulative Proportion 0.994917263 0.997988058 1.000000000

## cairo_pdf
## 2

## cairo_pdf
## 2
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48 10
x1) x2) x3) x4) x5) x6)
x7) x8) x9) x10)

PC1 = 0.39x1 + 0.37x2 + 0.39x3 + 0.27x4 + 0.22x5
+ 0.30x6 + 0.32x7 + 0.26x8 + 0.24x9 + 0.34x10

47.6%
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PCA

journals.pca <- princomp(journals,cor = TRUE)
names(journals.pca)

## [1] "sdev" "loadings" "center" "scale" "n.obs" "scores" "call"

summary(journals.pca)

## Importance of components:
## Comp.1 Comp.2 Comp.3 Comp.4
## Standard deviation 1.2376191 1.0128027 0.9412763 0.7460085
## Proportion of Variance 0.3829253 0.2564423 0.2215003 0.1391322
## Cumulative Proportion 0.3829253 0.6393676 0.8608678 1.0000000
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PCA

journals.pca$loadings

##
## Loadings:
## Comp.1 Comp.2 Comp.3 Comp.4
## Citation 0.634 0.395 0.664
## PaperNO -0.936 0.281 -0.197
## RefNO 0.648 0.246 0.131 -0.709
## NSFC 0.414 -0.251 -0.865 0.132
##
## Comp.1 Comp.2 Comp.3 Comp.4
## SS loadings 1.00 1.00 1.00 1.00
## Proportion Var 0.25 0.25 0.25 0.25
## Cumulative Var 0.25 0.50 0.75 1.00

52



PCA

journals.pca$scores

## Comp.1 Comp.2 Comp.3 Comp.4
## 0.66652842 -0.09044110 0.89506349 -0.33498953
## 2.63911891 -2.10015964 -0.99424599 -0.10131949
## 0.25449784 0.85696057 -0.85180952 0.28562855
## 1.93936103 -0.99528927 1.47169792 -2.66842290
## 0.23870367 -0.95372324 0.54386527 0.58036927
## -0.96426677 1.25396608 -0.36413074 -0.13038629
## -0.22495473 1.22511228 -0.61375999 -0.24190476
## -1.41905599 -1.57657886 0.43351126 -0.02271772
## -0.94468388 1.20595510 -0.87475479 0.66398914
## 0.21410146 1.02476840 0.24094165 -1.47497153
## -1.27895150 -0.01450266 0.03939508 0.31321626
## 0.23218572 -0.57833643 0.97492533 0.62785225
## -0.81275449 -0.82304264 0.53731028 0.18554668
## -0.81233253 0.77792029 -0.10640871 -0.21336411
## 0.41931154 1.04656538 -0.15223777 -0.36049748
## 0.53040476 0.88986910 0.05883912 -0.01311399
## -1.34581534 -1.79823718 0.53419476 -0.01402184
## -0.47904284 0.35704298 0.28179363 -0.29612825
## -0.09370184 0.40747852 0.04079867 -0.64988412
## -0.51678331 0.78761210 -0.09230624 -0.25054210
## 0.22377175 0.78192746 -1.45746581 0.17152688
## 2.08603795 1.05550741 0.42807731 0.17706671
## -1.44973817 -0.92632668 0.25534141 0.14183793
## -0.97193940 -2.07207634 0.10379880 0.15299620
## 0.23417592 1.24861769 0.03986256 -1.25954846
## 0.68192004 -0.49000934 0.67986256 0.17943103
## 0.26104851 0.36032492 0.81735925 0.89850126
## -1.18848887 -0.08765094 0.09444254 0.64182352
## 2.06490920 -1.06580142 -3.08602902 0.49398174
## -1.63971994 0.91876981 -0.31570711 0.50255348
## 1.23031500 -0.92573248 -2.06671024 -0.08371131
## -1.12649871 -0.33094659 0.20943102 -0.04347273
## 3.30274105 0.85576159 2.31295571 2.09133261
## -1.52628877 -0.66723813 0.14341963 0.14102113
## -0.42411571 0.44193325 -0.16132131 -0.08967803
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PCA

plot(journals.pca)
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Biplot

par(family = 'SimHei')
biplot(journals.pca)

55



R

princomp() cor=
scores=
summary() loadings=TRUE

loadings()
predict()
screeplot()

biplot()
56



1 factoextra PCA
https://www.rdocumentation.org/packages/
factoextra/versions/1.0.7.

2 PCA https://setosa.io/ev/principal-
component-analysis/.

57

https://www.rdocumentation.org/packages/factoextra/versions/1.0.7
https://www.rdocumentation.org/packages/factoextra/versions/1.0.7
https://setosa.io/ev/principal-component-analysis/
https://setosa.io/ev/principal-component-analysis/


y1, · · · , yp X1, · · · , Xp
y1, · · · , yp

+ y1 Xj√
λ1q1j, q1

q1 y1
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1 “ ” PCA .xlsx
2 PCA houses.csv
3 PCA

places.csv
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